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[ 48 m IMO �bbfd~^Wvy (�) VoYT
1. .w��Æ2-O7}:�3[�~.�pb3}2�F<� p > 2 bmg.C�.-t�2�;b)�g23} p �Æ:b; p �Æ��p�X a1, a2, · · · , an b;)�gC ε b�O n (
0,|R� ε = cos 2π

n
+

i sin 2π
n

. 5�O3}��Æ2��H�{ a1, a2, · · · , an (�9[9D
) .C�.
a1 + a2ε + · · ·+ anεn−1 = 0.�s�> n = 6 2D�~.S��2x 1 (�
2D���S). P	��Æ2��S
 �D
{h[9D
 (xx 1), 58�
 >a�3, 0. �3~.�9o)2
 ℄1p.2^4�v (x 2). �&p.2F4o>&2Kg���4

a1 3;\IT�5p.H�>&
 a1, a2ε, · · · , anεn−1. ${8�
 >a{ 0,o� a1 + a2ε + · · · + anεn−1 = 0. C℄��b��2�

�{Z�s�� ~.�<1����X p b�Omg�)�g a1, a2, · · · , ap H�b�O3} p �Æ2���(%�~.=0
ζ = cos

2π

p
+ sin

2π

pb�	_ P (X) = a1 + a2X + · · ·+ apX
p−1 2�OR�#�D0�ζ b�	_ Q(X) = 1+X + · · ·+Xp−1 2�OR�A.�O�	_)Uv2R[�p.2Q+T$_�b�OF�g2)��g�	_�$' Q(X)
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��H���OF�g2)��g�	_2 k�-8b��82 (> Q(X + 1)'�Sjq$=�Bn�<1).�0~.<1"H��C℄�sX p �b�Omg�C$ p = mn (m, n b+, 1 2:g). ('�1
ζn b�O m (,|R�)A

1 + ζ + ζ2 + · · ·+ ζ (m−1)n = 0.{T_.
1 + ζ + ζ2 + · · · + ζp−1 = 0.�r��= ζ b�O p − 1 (�	_2R�8O�	_)��g{ 1, A#���g{ 2. 8�1*3�O3} p �Æ�p2����;{ 1, Z�2��;{ 2. $'8O��ÆF;�<Æ�
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2. X I { ∆ABC 27
� M, N H�{ AB, AC 2E4�4 D, E H�3?� AB, AC T�)O BD = CE = BC, ℄4 D C&?, IM 2?�.℄4 E C&?, IN 2?�|,4 P , F<� AP⊥BC.�s (�): X O b ∆ABC 2y
�~.d�<1 DE ⊥ OI.Ox 4, �� B, E �4��X CI | BE ,4 L, C| ∆ABC 2y�1, H .(, CI b ∠A 2}>H���= O, M, H U��o� CH ⊥ BE, OH ⊥ AB. 8i1 H, B, L, M k4U1�W ∠IHO = ∠EBD.

#�D0�X ∆ABC 2y�12��{ R. (;�8���J! L b BE 2E4��m BH = IH , ~.)
OH

BD
=

R

BC
=

1

2 sin ∠A
=

1

2 sin ∠BHC
=

2HB

BL
=

HI

BE
.o� ∆IHO ∼ ∆EBD. 2( IH ⊥ BE, OH ⊥ BD = OI ⊥ DE.�< AP ⊥ BC.${ OI ⊥ DE, OM ⊥ AD, ON ⊥ EA, �C PD ⊥ MI, PE ⊥ IN , o�(;|Q}Æ8�� PA ⊥ MN , - MN ‖ BC, WA AP ⊥ BC.�hui}℄p�X ∆PDE 2P74/ ∆ONM 2>&742>�2Q&�U4�5) ∆ONM 2P74/ ∆PDE 2>&742>�2Q&��U4�
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�s (a): X BC = a, AB = c, CA = b, 5 BD = CE = a, BM = AM = c
2
,

AN = CN = b
2
. X ∆ABC 27B1��{ r, CH�B AB, AC ,4 G, F .

5
BG =

a + c − b

2
, CF =

a + b − c

2
.o�

DM2 = (a − c

2
)2, EN2 = (a − b

2
)2;

EI2 = r2 + EF 2 = r2 + (
a + c − b

2
)2;

DI2 = r2 + DG2 = r2 + (
a + b − c

2
)2.+ PD ⊥ IM , PE ⊥ IN , o�

PI2 − PM2 = DI2 − DM2;

PI2 − PN2 = EI2 − EN2.�_�w1
PN2 − PM2 = DI2 − EI2 + EN2 − DM2 = (

b

2
)2 − (

c

2
)2 = AN2 − AM2.o� AP ⊥ MN , n AP ⊥ BC.
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3. <1�>M!;:g n, *3z�2 n (�	_ f(x), )O f(0) = 1 C
(x + 1)(f(x))2 − 1 b�_g��s��<*3��$ f(x) = u(x2) + xv(x2), 5

(x + 1)f(x)2 − 1

= (x + 1)[u(x2)2 + x2v(x2)2 + 2xu(x2)v(x2)] − 1

= x
[
u(x2)2 + x2v(x2) + 2u(x2)v(x2)

]

+ u(x2)2 + x2v(x2)2 + 2x2u(x2)v(x2) − 1{�_g
⇔ u(x2)2 + x2v(x2)2 + 2x2u(x2)v(x2) ≡ 1

⇔ u(x)2 + xv(x)2 + 2xu(x)v(x) ≡ 1.J!/ u(0) = f(0) = 1, (T_�1
u(x) = −xv(x) +

√
x2v2 − xv2 + 1.(, u {�	_�W x2v2 − xv2 + 1 �b��	_2>D�$ d = x2 − x. �&O� Pell D!

p2 − dq2 = 1p p0 = 1, q0 = 0, p1 = −2x + 1, q1 = 2, pn+1 = p1pn + dq1qn, qn+1 = p1qn + q1pn, 5
p2

n − dq2
n = 1, n ≥ 0

degpn = degqn + 1 = n, n ≥ 1.p u+
n (x) = −xqn + pn, v+

n (x) = qn, u−
n (x) = xqn + pn, v−

n (x) = −qn.. n {:g[�
f(x) = u+

n
2

(x2) + xv+
n
2

(x2).. n {�g[�
f(x) = u−

n+1

2

(x2) + xv−
n+1

2

(x2))O f(0) = 1, degf = n, C (x + 1)f 2 − 1 {�_g��<z���
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'C<B�X*3�O n (�	_)Oty�${*3�O n (�	_)Oty�W Pell D!
p2 − dq2 = 1*3�O�	_� pi

m, qi
m, i = 1, 2, degpm = degqm + 1 = m, 8�P n {:g5

m = n
2
; P n {�g5 m = n+1

2
, ?E q1

m �
3, −q2
m.�'T_

(pm−1, qm−1) = (p1pm ± dq1qm, p1qm ± q1pm),8� ”+” j ”−” H
, pm . qm 2QM	�gJ`b�Chb�v��=
degpm−1 = degqm−1 + 1 = m − 1�)O PellD!�('�1�*3�O�	_� pi

1, q
i
1, i = 1, 2, degpi

1 = degqi
1+1 = 1,

pi
1(0) = 1, qi

1 6= −qi
1.-?�on�1� Pell D!A)z��)OT0ty�*?�<Æ�
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[ 48 m IMO �bbfd~^Wvy (`) VoYT
1. X;\g u, v, w )O u + v + w +

√
uvw = 4. F<�

√
vw

u
+

√
uw

v
+

√
uv

w
≥ u + v + w.�s�X u = xy, v = yz, w = xz, x, y, z {;\g�5ty�{

xyz + xy + yz + zx = 4,�'�{
x + y + z ≥ xy + yz + zx. (∗)$ x, y, z QOgE�)�O3 1 2v���EX y, z 3 1 2v��5

(y − 1)(z − 1) ≥ 0. (1),b
x(yz + y + z) = 4 − yz > 0.('�1

x =
4 − yz

yz + y + z
≤ 4 − yz

yz + 2
√

yz

=
(2 +

√
yz)(2 −√

yz)
√

yz(
√

yz + 2)
=

2 −√
yz

√
yz

.$'�
(x + 1)

√
yz ≤ 2. (2)J!/�<2

(∗) ⇔ x − xz − xy + xyz ≥ yz − y − z + xyz

⇔ x(1 − y)(1 − z) ≥ yz(x + 1) − y − z. (∗∗)�< (∗∗): ( (1), R� ≥ 0;( (2), *� ≤ √
yz · 2 − y − z = −(

√
y −√

z)2 ≤ 0. W (∗∗) ���
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2. F$o);:g n℄1*3( −1, 1P�2g" a1, a2, · · · , an)O n∑
i=1

aii
2 =

0. l�
n =

{
4k + 3, k ≥ 1;

n = 4k, k ≥ 2.�K�. n = 4k +1, 4k +2 [�a_ n∑
i=1

aii
2 {�g��6�n�>, n = 3, 4,

n∑
i=1

aii
2 6= 0.(, n2 − (n + 1)2 − (n + 2)2 + (n + 3)2 = 4, WP> n )��5 n + 8k (k ≥ 0)�)���0A��n n = 7, 11, 12 [)�n��

n = 7 :

12 + 22 − 32 + 42 − 52 − 62 + 72 = 0.

n = 11 :

12 − 22 + 32 + 42 + 52 − 62 − 72 − 82 + 92 − 102 + 112 = 0.

n = 12 :

12 − 22 + 32 + 42 + 52 − 62 + 72 − 82 + 92 − 102 − 112 + 122 = 0.
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3. X>0T) n ≥ 3 O4�F<�?E�*3QO4 A, B, C )O
1 ≤ AB

AC
<

n + 1

n − 1
.�s�X8 n O4u����Q+2�4b P, Q, p PQ = d, {?- n − 2O4�. P j Q 2��H��{. P ��~�24H{���. Q ��~�24H{#���P�O4. P, Q ���3�5L(�4L4e,4���X. Q 4��~�242Og{ k, �EXpb42Og~�2���n

k ≥ n
2
. ~.	8 k O4�7p.. P 42��2+� ()�/+) <��

R1, R2, · · · , Rk = Q, ?E PR1 ≤ PR2 ≤ · · · ≤ PRk = d.

(i) O\ PR1 ≤ (1 + 1
n
)d

2
, (Q}Æ�3_�1

QR1 ≥ PQ − PR1 ≥ (1 − 1

n
)
d

2
.)A

1 ≤ PR1

QR1
≤ n + 1

n − 1
,H4 A = P , B = R1, C = Q n��

(ii) O\ PR1 > (1 + 1
n
)d

2
, ~.A�<1*3 i ℄1
PRi+1 <

n + 1

n − 1
PRi, (1)?E 1 ≤ i < k, H A = Ri+1, B = P , C = Ri n��(

PR2

PR1
· PR3

PR2
· · · · · PRk

PRk−1
=

PRk

PR1
<

d

(1 + 1
n
)d

2

=
2

1 + 1
n

. (2)�<
2

1 + 1
n

≤
(

n + 1

n − 1

)k−1

. (3)
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${
(1 +

1

n
)

(
n + 1

n − 1

)k−1

= (1 +
1

n
)(1 +

2

n − 1
)k−1

= (1 +
1

n
)

[
1 + C1

k−1

2

n − 1
+ C2

k−1(
2

n − 2
)2 + · · ·+ (

2

n − 1
)k−1

]

≥ (1 +
1

n
)[1 +

2

n − 2
· (k − 1)]

≥ (1 +
1

n
)(1 +

2

n − 2
· n − 2

2
)

= 2 +
n − 3

n(n − 1)

≥ 2.o� (3) ���)A (2) _R�BU)�O$_�, n+1
n−1

. n (1) _���<Æ�
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[ 48 m IMO �bbfd~^Wvy (t) VoYT
1. X1 Ω ℄Q}Æ ABC 274 B, C. 1 ω 7B Ω ,4 T , �H�B�

AB, AC ,4 P, Q. p M {f B̂C (�^ T 4) 2E4�F<�?� PQ, BC, MTQ�U4��s�Ox 6, X BC |1 ω , Y, Z �4��X K b MT . BC 2|4��< P, Q, K U��

R
 Menelaus 8�m?98��m AP = AQ 2a\� P, Q, K U�
⇔ AP

PB
· BK

KC
· CQ

QA
= 1.

⇔ BK

KC
=

PB

CQ
. (1)${ ω, Ω Y, T 4|l�o� ∠BTY = ∠CTZ, (;�8� (0kY�) )

(
TB

TC

)2

=
BY · BZ

CY · CZ
. (2)+${ MT b ∆BCT 2y}>H��o�

BK

CK
=

TB

TC
. (3)�' (2), (3) mN�8��1

BK

CK
=

√
BY · BZ

CY · CZ
=

BP

CQ
.'n (1). <Æ�
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2. X k > 1 b�OQ82:g�~.��O k |:g a1a2 · · ·ak b p- ,62�O\>-O)O 1 ≤ i ≤ k − 1 2:g i, . ai {�g[ ai > ai+1; A. ai {:g[ ai < ai+1. F p- ,62 k |:g2Og�l�' mk p p- ,6 k |:g2Og�5. k {:g[� mk = 5k+2−5k+1−8
12

;A. k {�g[� mk = 5k+2−5k+1+8
12

.Q8ty��a1a2 · · ·ak b p-,62.C�.>-O)O 1 ≤ i ≤ k−12:g
i, ai �+b�O+, ai+1 2�g��+b�O�, ai+1 2:g��6�<>-OX82 ai+1, ai 2|CT�) 5 OgS�4 (�O�P ai+1 = 9, 5 ai ∈ {0, 2, 4, 6, 8};P ai+1 = 8 j 7, 5 ai ∈ {0, 2, 4, 6, 9}, 33).#y�P a1 = 0, 5 a2 6= 0, 8[�1/�O k − 1 |2 p ,6g a2 · · ·ak. '
nk �` a1 2|C�H 0 2o) p ,6g2Og�(, ak 2|C) 10 G�4�A> 1 ≤ i ≤ k − 1 2-O ai |C�*3 5 G�4�$'

nk = 5k−1 × 10 = 5k · 2.#�D0�O\ a1 = 0, 5 a2 6= 0, ~.�1/�O k − 1 |2 p- ,6:g
a2 · · ·ak, C> K�$'�~.)

mk + mk−1 = nk = 5k · 2, (∗)>-O+, 1 2:g k ���'y��?�n$ m2 = 41. �$ m1 = 9, 5 (∗) >M!;:g k ���P k b�O:g�~.$ k = 2k1. ( (∗) ~.)
2k1∑

i=1

mi = (m2k1
+ m2k1−1) + · · ·+ (m2 + m1)

= 2(52k1 + 52k1−2 + · · ·+ 52)

=
52k1+2 − 52

12

=
5k+2 − 25

12
.

12



#�D0�~.h)
2k1∑

i=1

mi = m2k1
+ (m2k1−1 + m2k1−2) + · · ·+ (m3 + m2) + m1

= m2k1
+ 2(52k1−1 + 52k1−3 + · · · + 53) + 9

= m2k1
+ 9 +

52k1+1 − 53

12

= m2k1
+ 9 +

5k+1 − 125

12
.b��T�_�1

mk = m2k1
=

5k+2 − 25

12
− 5k+1 − 125

12
− 9 =

5k+2 − 5k+1 − 8

12
.P k b�O�g�5 k − 1 b�O:g�v�( (∗) ~.)

mk = 2 · 5k − 5k+1 − 5k − 8

12
=

5k+2 − 5k+1 + 8

12
.
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3. bI*3�E�O;:g k ℄1 k · 2n + 1 >-O;:g n bbg�l (�): X i > j, �K
22j

+ 1|22i − 1.o�� gcd(22i

+ 1, 22j

+ 1)|2 C�g�b�g�$'>, i ≥ 0 G(g fi = 22i

+ 1��gm�$ pi b 22i

+ 1 2�Om$K�5>-O�)Æ_ 2i · q, q {�g2 n, ��
2n = 22i·q ≡ −1(mod pi),�A> k ≡ 1(mod pi) ~.) pi|2n · k + 1;A>-O�)Æ_ 2i · q, q {:g2 n, ��
2n = 22i·q ≡ 1(mod pi),�A> k ≡ 1(mod pi) ~.) pi|2n · k + 1.> i = 0, 1, 2, 3, 4,$ pi b 22i

+ 1 m$K� p, q b 232 + 1 2�O�v2m$K
(n 641a 6700417))O�R
E[Z-8��~.��H k ℄1> i = 0, 1, 2, 3, 4,

k ≡ 1(mod pi), k ≡ 1(mod p) �m k ≡ −1(mod q).$ i b)O 2i|n 2Q+:g�5(T�=. i = 5 [ p|2n · k + 1; . i < 5 [
pi|2n · k + 1. > i > 5, ${ k ≡ −1(mod q), o� q|2n · k + 1. $'O\~.�H"H+2 k, 5 2n · k + 1 >o) n ≥ 0 :bbg�l (a): J!/

22 ≡ 1(mod 3), 24 ≡ 1(mod 5), 23 ≡ 1(mod 7),

212 ≡ 1(mod 13), 28 ≡ 1(mod 17), 224 ≡ 1(mod 241)�'E[Z-8��~.��H k ℄1
2k ≡ −1(mod 3), 24 · k ≡ −1(mod 5), 22 · k ≡ −1(mod 7),

26 · k ≡ −1(mod 13), 210 · k ≡ −1(mod 17), 222 · k ≡ −1(mod 241).>8�2;:g k ~.)��2��
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n 1 2 3 4 5 6 7 8

p 3 7,17 3 5 3,7 13 3 5,7

n 9 10 11 12 13 14 15 16

p 3 17 3,7 5 3 7 3 5

n 17 18 19 20 21 22 23 24

p 3,7 13,17 3 5,7 3 24 3,7 5

(8� n 2�H{2 24, p �`�&2g 2n · k + 1 2m$K�)
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[ 48 m IMO �bbfd~^Wvy (x) VoYT
1. X;\g a1, a2, · · · , an )O a1 + a2 + · · ·+ an = 1. F<�
(a1a2 + a2a3 + · · ·+ ana1)(

a1

a2
2 + a2

+
a2

a2
3 + a3

+ · · ·+ an

a2
1 + a1

) ≥ n

n + 1
.�s�d�( Cauchy �3_�1�f%���p�X a1, a2, · · · , an b\g� x1, x2, · · · , xn b;g�5

a2
1

x1

+
a2

2

x2

+ · · ·+ a2
n

xn

≥ (a1 + a2 + · · ·+ an)2

x1 + x2 + · · · + xn

.(%�mrX1
a1

a2

+
a2

a3

+ · · · + an

a1

=
a2

1

a1a2

+
a2

2

a2a3

+ · · · + a2
n

ana1

≥ 1

a1a2 + a2a3 + · · · + ana1

.$AA�<1
a1

a2
2 + a2

+
a2

a2
3 + a3

+ · · ·+ an

a2
1 + a1

≥ n

n + 1
(
a1

a2
+

a2

a3
+ · · ·+ an

a1
). (1)(%�1

a1

a2
2 + a2

+
a2

a2
3 + a3

+ · · ·+ an

a2
1 + a1

=
(a1

a2
)2

a1 + a1

a2

+
(a2

a3
)2

a2 + a2

a3

+ · · · +
(an

a1
)2

an + an

a1

≥
(a1

a2
+ a2

a3
+ · · ·+ an

a1
)2

1 + a1

a2
+ a2

a3
+ · · · + an

a1

. (2)$ t = a1

a2
+ a2

a3
+ · · · + an

a1
, 5 t ≥ n. )AA�<

t2

1 + t
≥ nt

n + 1
.A'_3t, t ≥ n. <Æ�
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2. �	_ (x − 1)(x2 − 1)(x3 − 1) · · · (x2007 − 1) 6�eI5o)+, 2007 (2	1/2�	_p{ f(x). F f(x) 2(gmQM(	�g�l� (8"
f(x) =

∑

1≤k1<k2<···<kn;k1+k2+···+kn≤2007

(−1)n+1xk1+k2+···+kn − 1p
An,m = {(k1, k2, · · · , kn)|1 ≤ k1 < k2 < · · · < kn, k1 + k2 + · · ·+ kn = m}.5> (k1, k2, · · · , kn) ∈ An,m, $ n ≥ d ≥ 1 )O

kn = kn−1 + 1 = kn−2 + 2 = · · · = kn−d+1 + d − 1 > kn−d + d.p
Bn,m = {(k1, k2, · · · , kn) ∈ An,m|d < n, k1 = d, d + 1 j k1 6= d, d + 1}$ B+

m = ∪n≥1B2n,m, B−
m = ∪n≥0B2n+1,m, 5 B+

m . B−
m �z���>&�>, (k1, k2, · · · , kn) ∈ B+

m ∪ B−
m, ~.O�z�>&�P k1 < d j k1 = d < n, 5

(k1, k2, · · · , kn) → (k2, k3, · · · , kn−k1+1 + 1, · · · , kn + 1).P k1 > d + 1 j k1 = d + 1, n > d, 5
(k1, k2, · · · , kn) → (d, k1, · · · , kn−d+1 − 1, · · · , kn − 1).WP (k1, · · · , kn) ∈ B+

m ∪ B−
m, 5 f(x) �^ k1 + k2 + · · ·+ kn (	��X (k1, k2, · · · , kn) /∈ B+

m ∪ B−
m, P k1 = d = n, 5

k1 + k2 + · · · + kn = k1 + (k1 + 1) + · · · + (2k1 − 1) =
3n2 − n

2
;P k1 = d + 1, n = d, 5

k1 + k2 + · · ·+ kn = (n + 1) + (n + 2) + · · ·+ (2n) =
3n2 + n

2
;('

f(x) = −1 +

36∑

n=1

(−1)n+1(x
3n2

−n
2 + x

3n2
+n

2 )

⇒ degf =
3 · 362 + 36

2
= 1962,?�g{ −1.
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3. X n b;:g� A, B ⊆ [0, n] b:glb�)O |A|+ |B| ≥ n + 2. F<�*3 a ∈ A, b ∈ B ℄1 a + b { 2 2/��s�sX�'�>��0~.<1 |A| + |B| ≤ n + 1, )A*?�> n Z5� n = 1 [�x�'���X n ≥ 2, H:g r )O 2r ≤ n < 2r+1.J!�(C<BsX=�P a ∈ A, 5 2r+1 − a /∈ B. $'
|A ∩ [2r+1 − n, n]| + |B ∩ [2r+1 − n, n]| ≤ 2n + 1 − 2r+1. (1)8� [x, y] �`Gu�8b${X |A ∩ [2r+1 − n, n]| = k, 5(T0J!=

|B ∩ [2r+1 − n, n]| ≤ (n − (2r+1 − n) + 1) − k = 2n + 1 − 2r+1.#�D0�(Z5sX�)
|A ∩ [0, 2r+1 − n − 1]| + |B ∩ [0, 2r+1 − n − 1]| ≤ 2r+1 − n, (2)%F n = 2r+1 − 1. -J!. n = 2r+1 − 1 [�A� A, B EBU)�O�^ 0, 5

(2) N���$'�. n 6= 2r+1 − 1 j n = 2r+1 − 1 - 0 /∈ A ∩ B [�( (1), (2) n1
|A| + |B| ≤ n + 1.. n = 2r+1 − 1 C 0 ∈ A∩B [�~.) 2r /∈ A C 2r /∈ B. nP a = 2r, 5 a /∈ A,C 2r+1 − a /∈ B. $' (1) �rA{

|A ∩ [1, n]| + |B ∩ [1, n]| ≤ n − 1.

(J! n = 2r+1 − 1, W 2n + 1− 2r+1 = n). + 0 ∈ A∩B, W |A|+ |B| ≤ n + 1 ����

18



[ 48 m IMO �bbfd~^Wvy (|) VoYT
1. wk�Æ ABCD 7�, ⊙

O, BA, CD 2����|,4 H , >}�
AC, BD �|,4 G, O1, O2 H�{ △AGD,△BGC 2y
�X O1O2 . OG |,4 N , W� HG H�| ⊙

O1,
⊙

O2 ,4 P, Q. X M { PQ 2E4�F<�
NO = NM .

�s�Ox 7, ℄4 G S GT ⊥ O1G, 5 TG B ⊙
O1 , G, ,b( ∠AGT =

∠ADG = ∠ACB, n= TG ‖ BC, )A O1G ⊥ BC. A OO1 ⊥ BC, ,b O1G ⊥
OO2.v��OO1 ⊥ GO2. W O1OO2G {>�k�Æ�o� N H�{ OG, O1O2 2E4�3W� HG TH4 M ′, ℄ HG ·HM ′ = HA · HB, 5= G, A, B, M ′ k4U1�A HD · HC = HA · HB,  = C, D, G, M ′ k4U1�℄ O1 S O1E ⊥ PG , E, ℄ O2 S O2F ⊥ GQ , F , ℄ N S NS ⊥ GM ′ ,
S, 5 E { PG E4� F { GQ E4� S { EF E4�${ ∠BOC = 2∠BAC

= ∠BAC + ∠BDC = ∠BM ′Q + ∠QM ′C = ∠BM ′C, o�� B, C, M ′, O k4U
19



1�,b
∠OM ′B = ∠OCB =

1

2
(180◦ − ∠BOC) =

1

2
(180◦ − ∠BM ′C)

1

2
(180◦ − 2∠BM ′Q) = 90◦ − ∠BM ′Q,o�� OM ′ ⊥ PQ, W NO = NM ′. +(T= S { GM ′ 2E4�,b

PM ′ = PG + GM ′ = 2EG + 2GS = 2ES,

QM ′ = QG − GM ′ = 2FG − 2GS = 2FS = 2ES,)A M ′ { PQ 2E4�n M ′ . M Hb�W NO = NM .

20



2. >0TMQ n O4 P1, P2, · · · , Pn, ?EM!Q4�U��{-O4 Pi (1 ≤
i ≤ n) MLd��R>��X S b74lb{ {P1, P2, · · · , Pn} 2Q}Æ2lb�C�)�D�>M!�t�= PiPj m PuPv, S E� PiPj {�2Q}Æ2Og.� PuPv {�2Q}Æ2Og�v�
FQ�2 n, ℄13 S EN)�OQ}Æ�-�OQ}Æ274)�v2�R�l�X S E� PiPj {�2Q}Æ2Ogb k, 5 k b;:gC. i, j �Y�$ PiPj U) C2

n t�W S Eo)Q}Æ�Y kC2
n t��+-OQ}Æ)Qt��W |S| = 1

3
kC2

n(nU) 1
3
kC2

n OQ}Æ). X S E) x O74vR2Q}Æ�5 S E�vR2Q}Æ2Ogb 1
3
kC2

n − x. v[�-O74�vR2Q}Æ�Y�t<4#R2�=�W S E<4#R2�=U) 2(1
3
kC2

n − x) t�#�D0�X P1, · · · , Pn E n1 O4Ld� n2 O4L�� n1 + n2 = n. (sX=-t<4#R2�=3 S 2JsQ}ÆE$� k (�W8�2�=U) kn1n2t�$'
2(

1

3
kC2

n − x) = kn1n2.��1
x =

k

6
(2C2

n − 3n1n2) =
k

6
(n2 − n − 3n1n2)

≥ k

6
(n2 − n − 3(

n1 + n2

2
)2) =

k

6
n(

n

4
− 1)

=
k

24
n(n − 4).W. n ≥ 8 [�

x ≥ n

24
(n − 4) ≥ 8 × 4

24
=

4

3
> 1

($ k ≥ 1), n x ≥ 2. o� n ≥ 8.. n = 7 [�'��8>��O{ 1, 2, 4 Q4Ld� 3, 5, 6, 7 L��5Q}Ælb {1̌, 2̌, 4̌}, {2̌, 3, 5}, {3, 4̌, 6}, {4̌, 5, 7}, {5, 6, 1̌}, {6, 7, 2̌}, {7, 1̌, 3} Jb�F (-t� ij $�3�OQ}ÆE), -,)�OvR74Q}Æ�
21



3. X a, b, c ∈ (0, 1], C a2 + b2 + c2 = 2. F<�
1 − b2

a
+

1 − c2

b
+

1 − a2

c
≤ 5

4
. (1)�s��EX a = max{a, b, c}. (rX= a2 ≤ b2 + c2.5

(1) ⇔ 2 − 2b2

2a
+

2 − 2c2

2b
+

2 − 2a2

2c
≤ 5

4

⇔ a2 + c2 − b2

2a
+

a2 + b2 − c2

2b
+

b2 + c2 − a2

2c
≤ 5

4
. (2)A

5

4
=

5

4

√
1

2
(a2 + b2 + c2) ≥ 5

4
· 1

2
(a +

√
b2 + c2),o�A�<

a2 + c2 − b2

a
+

a2 + b2 − c2

b
+

b2 + c2 − a2

c
≤ 5

4
(a +

√
b2 + c2). (3)

⇔ bc(a2 + c2 − b2) + ca(a2 + b2 − c2) + ab(b2 + c2 − a2)

abc
≤ 5

4
(a +

√
b2 + c2)

⇔ a + b + c +
(a + c + c)(a − b)(b − c)(c − a)

abc
≤ 5

4
(a +

√
b2 + c2)

⇔ 4(a + b + c)[abc + (a − b)(b − c)(c − a)] ≤ 5abc(a +
√

b2 + c2)

⇔ 4(a + b + c)(a − b)(a − c)(c − b) + abc(4(b + c) − a − 5
√

b2 + c2) ≤ 0.p f(a) = 4(a + b + c)(a − b)(a − c)(c − b) + abc(4(b + c) − a − 5
√

b2 + c2).

(i) P b ≤ c ≤ a ≤
√

b2 + c2, . b = c [� a ≤
√

2b. '[ f(a) = ab2(8b − a −
5
√

2b) = ab2((7 − 5
√

2)b + (b − a)) < 0.. b < c[�f(a){ a2Q(�	_�?d	�g{ 4(c−b) > 0,W lim
a→−∞

f(a) <

0, lim
a→+∞

f(a) > 0,A f(0) = 4(b+c)bc(c−b) > 0, f(c) = bc2(4(b+c)−c−5
√

b2 + c2) =

bc2(4b+3c−5
√

b2 + c2) < 0 (⇔ 4b+3c < 5
√

b2 + c2 ⇔ 16b2+9c2+24bc < 25b2+25c2

⇔ 9b2 − 24bc + 16c2 > 0 ⇔ (3b − 4c)2 > 0)W f(a) 3 (−∞, 0), (0, c), (c, +∞) T)QO\R��& f(
√

b2 + c2) 2J`�J!/ f(a) . (3) ER�wI*�2J`�v�A��&
a2 + c2 − b2

a
+

a2 + b2 − c2

b
+

b2 + c2 − a2

c
− 5

4
(a +

√
b2 + c2) (4)
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. a =
√

b2 + c2 [2J`�8[
(4) =

2c2

√
b2 + c2

+
2b2

b
− 5

4
(
√

b2 + c2 +
√

b2 + c2)

=
2c2

√
b2 + c2

+ 2b − 5

2

√
b2 + c2

=
1

2
√

b2 + c2
(4c2 + 4b

√
b2 + c2 − 5(b2 + c2))

=
1

2
√

b2 + c2
(4b

√
b2 + c2 − 5b2 − c2) ≤ 0

(⇔ 4b
√

b2 + c2 ≤ 5b2+c2 ⇔ 16b4 +16b2c2 ≤ 25b4 +c4+10b2c2 ⇔ 9b4 +c4−6b2c2 ≥ 0

⇔ (3b2 − c2)2 ≥ 0))T�= f(
√

b2 + c2) ≤ 0. 8i1�. c ≤ a ≤
√

b2 + c2 [ f(a) ≤ 0.

(ii) P c < b ≤ a ≤
√

b2 + c2. '[P*3 a1 ℄1 f(a1) > 0. $ b1 = c, c1 = b,5 b1 < c1 ≤ a1 ≤
√

b2 + c2, ( (i) ='[ f(a1) ≤ 0, n
4(a1 + b1 + c1)(a1 − b1)(a1 − c1)(c1 − b1) + a1b1c1(4(b1 + c1) − a1 − 5

√
b2
1 + c2

1) ≤ 0n
4(a1 + b + c)(a1 − c)(a1 − b)(b − c) + a1bc(4(b + c) − a1 − 5

√
b2 + c2) ≤ 0+ b > c, o�

4(a1 + b + c)(a1 − c)(a1 − b)(b − c) ≥ 0 ≥ 4(a1 + b + c)(a1 − c)(a1 − b)(c − b)$'
f(a1) ≤ 4(a1 + b + c)(a1 − c)(a1 − b)(b − c) + a1bc(4(b + c) − a1 − 5

√
b2 + c2) ≤ 0.*?�

(a = 1, b = 1
2
, c =

√
3

2
[3`���)

23



[ 48 m IMO �bbfd~^Wvy (r) VoYT
1. Fo)2;:g> (a, b), )O� a2 + b + 1 b�Omg2/� a2 + b + 1 :% b2 − a3 − 1, C a2 + b + 1 �:% (a + b − 1)2.l�(�=� (b+1)(a+b−1)

a2+b+1
= b2−a3−1

a2+b+1
+ a �b:g�X pk = m = a2 + b + 1, k {;:g�5 pk|(b + 1)(a + b − 1).P p �:% b+1, a+b−1 >��5 pk �:%#�O�-'[ pk = a2 +b+1 >

max{b + 1, a + b − 1}, *?�W b + 1 ≡ a + b − 1 ≡ 0(mod p), a2 = pk − (b + 1) ≡ 0(mod p).(, p {mg�) a ≡ 0(mod p),

0 ≡ (b + 1) − (a + b − 1) + a ≡ 2(mod p) ⇒ p = 2.X 



a2 + b + 1 = 2k,

b + 1 = 2k1t1,

a + b − 1 = 2k2t2,

k1 + k2 ≥ k,

k > 2k2,?E� t1, t2 {�g� k1, k2 {;:g�Qe�_( m 6 |(a + b − 1)2 �=�(, 2k = a2 + b + 1 > b + 1 = 2k1t1, Wh�1/ k > k1.

(i)k1 ≥ 3.

a2 = 2k−2k1t1 ≡ 0(mod 23),W a ≡ 0(mod 4), a+b−1 ≡ 0−1−1 ≡ 2(mod 4),('�) k2 = 1.( k1 + k2 ≥ k > k1 =� k = k1 + 1.'[ 2k1t1 = b + 1 < a2 + b + 1 = 2k = 2k1+1, W t1 = 1.,b {
b + 1 = 2k1,

a2 + b + 1 = 2k1+1
⇒

{
a = 2x,

b = 22x − 1,8��. k1 {:g[�>&� ($$�! a2),WX k1 = 2x,5 (a, b) = (2x, 22x−1){�Pu��v�=�. x = 1 [� (a, b) = (2, 3), - (a+b−1)2

a2+b+1
= 2 {:g�WV

24



I�> x ≥ 2, gPÆ)Oo)ty�
(ii)k1 = 2.( k > k1 =� k ≥ 3.( k1 + k2 ≥ k m k > 2k2 =� 2k2 < k ≤ k2 + 2 ⇒ k2 < 2, qA) k ≤ 3, W

k = 3. -
{

b + 1 = 22t1,

a2 + b + 1 = 8
⇒





t1 = 1,

a = 2,

b = 3,VI�
(iii) k1 = 1. 5 2k2 < k ≤ k2 + 1 ⇒ k2 < 1, *?�MT�oFgP (a, b) { (2x, 22x − 1), (x = 2, 3, 4, · · ·).

25



2. wk�Æ ABCD 7�,1 Γ, .� BC �|2�O1.1 Γ 7B�CH�. BD, AC �B,4 P, Q, F<� △ABC 27
. △DBC 27
�3?� PQT��s�X1 Γ 2y
{ O, . BC �|C. Γ �7B2121
{ O1, B4{ T . 5 O, O1, T U��X DB | CA , H , PQ | CD , R, TR | ⊙O , F ,

CT | ⊙O1 , M , TD | ⊙O1 , N , TP | ⊙O , E.

5*3�O�4 T {|lE
2|l�i℄1 ⊙O1 �{ ⊙O. $' M → C,

N → D, P → E. ?� BD �{℄4 E C>�, BD 2 ⊙O 2B��o� E b
B̂D 2E4�${

TM

TN
=

TC

TD
,o�

DP 2

CQ2
=

DN · DT

CM · CT
=

DT 2

CT 2
.'n

DP

CQ
=

DT

CT
. (1)+?� RQP � ∆CDH , ( Menelaus 8�

CR

RD
· DP

PH
· HQ

QC
= 1.o�

CR

RD
=

CQ

DP
. (2)

26



+
CR

RD
=

S∆CFT

S∆DFT

=
CF · CT

DF · DT
. (3)( (1), (2), (3) =

CF

DF
= 1.�	bi� F bf ĈD 2E4�#y��= ∆BCD 27
 I { CE . BF 2|4�>,17�%�Æ

ETFBDC, (;j�8�= I, P, R U��o� ∆BDC 27
3 PQ T�v�� ∆ABC 27
 I ′ �3 PQ T�

27



3. �&�O 7 × 7 2g� aij = (i2 + j)(i + j2), 1 ≤ i, j ≤ 7. ~.�{M!�O( 7 O:gP�23�g"2-�	H��(r/3�� (j") >&2	T{�(�S�}�bI�8�℄)��Tf�S1/�Og�℄?-��2 7 Og:V�3�g"�l��sX�()���S�\��~.�& 6 × 6 2Kg� (aij)1≤i,j≤6. 5(Q82�S�=8O 6 × 6 2Kg�E2/m>a2 6 2-gb��2�?Q#2-gb
6∑

i=1

6∑

j=1

(i2 + j)(i + j2) =
6∑

i=1

6∑

j=1

i3 +
6∑

i=1

6∑

j=1

j3 +
6∑

i=1

i
6∑

j=1

j +
6∑

i=1

i2
6∑

j=1

j2

≡
(

6 · 7
2

)2

+

(
6 · 7 · 13

6

)2

≡ (3 · 7)2 + (7 · 13)2

≡ 4(mod 6).#�D0�O\�℄)���S1/2 7 × 7 g� (bij)1≤i,j≤7 �)Æ_ bij =

ci + (j − 1)di, 1 ≤ i, j ≤ 7, ?E ci, di, i = 1, · · · , 7 b:g�52�&? 6 × 6 2Kg�~.)
6∑

i=1

6∑

j=1

bij =
6∑

i=1

6∑

j=1

(ci + (j − 1)di) ≡
6∑

i=1

5 · 6
2

di ≡ 3
6∑

i=1

di(mod 6).8i1 6∑
i=1

6∑
j=1

bij 32 6 [�+. 0 v-��+. 3 v-�C�. 4 2 6 v-�*?�o��8()���S�1/�Og�℄?-��2 7 Og:V�3�g"�
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x 48 �|���r
�
�||�z�s���+)
2007 # 3 , 31 %'* 8:00–12:30 " (.

1. Kb AB  ⊙O &7�M  R ÂB &h(� C  ⊙O .�I(�J( Cq ⊙O &
: CS, CT , pb MS, MT , 8
` AB W( E, F . J( E, F q AB &�:�8
` OS, OT W( X, Y . [J( C �q ⊙O &?:�` ⊙O W( P, Q,pb MP ` AB W( R, � Z  ∆PQR &.���a� X, Y, Z �(E:� (BÆC))�Æ� �-�6pb OM , T�f+m�M#� ∆XES X ∆OMS 1$�W ∆XES  'F�aA�FjL X /Z�� XE N XS /�fqZ�;Z,�X7 AB Y
: CS ;
�

[q ∆PQR &.bZ��pb MA, MC.

1



Ma�
MR · MP = MA2 = ME · MS; (1)VT
?:+m

CQ · CP = CS2. (2)

(1), (2) �� M (N C (HW ⊙Z N ⊙X &�,;'�W MC g �!qZ&Bj�O�
ZX ⊥ MC. (3),mja
ZY ⊥ MC. (4)T (3), (4) Zb X, Y, Z �(E:�a	�

2



2. �zn�5+^&Um"/�M&�� x = p

q
> 1, �h p, q  Sg&`_"�� \�" α, N , �%0�N`_" n ≥ N , ,U

|{xn} − α| ≤ 1

2(p + q)
,�h {a} �� a &="�8���'U�M&�Um"� (n0GC))��8�}�!W 1 &_" M&�5a}�M&Um"H
 !W 1 &_"�� mn = [xn+1] − [xn]. # n ≥ N �

|(x − 1)xn − mn| = |{xn+1} − {xn}| ≤ |{xn+1} − α| + |{xn} − α| ≤ 1

p + q
.lN$ (x − 1)xn − mn  I�8�/ qn+1 &p℄8"�3~%$

|(x − 1)xn − mn| <
1

p + q
, n ≥ N.T�%

|qmn+1 − pmn| = |q((x − 1)xn+1 − mn+1) − p((x − 1)xn − mn)|

<
q

p + q
+

p

p + q
= 1.F

mn+1 =
p

q
mn, n ≥ N.T�

mn+k =
pk

qk
mn, ∀k.V# n �8!�

mn > (x − 1)xn − 1 > 0,3~%$ q = 1, Z x > 1 /_"�

3



3. \�f/ 10 &Zi C ��A 63 �(��L^>(/*(����,!W 9 &�aA&�"/ S, � S &p!d� (k=%C))���Zi C &h�/ O, �b` n �A&��/ an, ℄ a6 = 10 > 9, �
a7 < 10 × 2π

7
< 10 × 2×3.15

7
= 9.

(i) qZ C &�b`w�A A1A2A3A4A5A6, ℄ AiAi+1 = a + 6 > 9. Fj\
ÂiAi+1 �
I( Bi � BiAi+1 > 9, W ∠BiOAi+1 > 2π

7
. �3

∠AiOBi = ∠AiOAi+1 − ∠BiOAi+1 <
2π

6
− 2π

7
<

2π

7
,'L

AiBi < 9, (i = 1, 2, · · · , 6, A7 = A1).F ÂiBi ��Nq(&hl=W 9.O 63 = 6 × 10 + 3, \ Â1B1, Â2B2, Â3B3 }/R��
 11 �(�3\ Â4B4,

Â5B5, Â6B6 }/R��
 10 �(�℄E
�s 63 �(�o�X M . W M �1W 6 +R ÂiBi(i = 1, 2, · · · , 6) h,I+R��Nq(&hl=W 9, 31W�,R��Nq(&hl!W 9, FL M h&(/*(����,!W 9 &�aA�"/
S0 = C3

3 × 113 + C2
3C

1
3 × 112 × 10 + C1

3C
2
3 × 11 × 102 + C3

3 × 103 = 23121.W '� S &p!d ≥ S0.

(ii) 3~a�'�&p!d = S0./�3~CG5���Pm��� 1 \Zi C ��A n �(�L C �I( P /h���-'WZi�&
2
7
&R B̂PC (K B, C q() �/ P (& 2

7
ZR�℄A+& n �(h
 \I(

P , (& 2
7
ZRf�9<A+(h& [n+5

6
] �(��� 1 w�Æ�
I�A+( A, (& 2

7
ZR/ Â1AA6. L A1, A6 /.(�K A &uI/R[/ Â1BA6, �_ Â1BA6 4'8�8(J�/ A2, A3, A4, A5 (-

10), W ÂiAi+1 	 _�Zi C & 1
7

(i = 1, 2, · · · , 5). O/ Â1AA6 �&A+(,� A (& 2
7
ZR9<�� ÂiAi+1 �UA+( Pi, ℄ ÂiAi+1 �&'UA+(�(

Pi & 2
7
ZR9< (i = 1, 2, · · · , 5). F'U n �A+(f2��h 6 �A+(& 2

7

4



ZR9<�T�*Ym��h
UI�A+(& 2
7
ZRf�9< [n−1

6
] + 1 = [n+5

6
]�A+(�Pm 1 %a�

�� 2 \�f/ 10 &Zi C ��
I+�-'WZi�& 5
7
&R Â1BA6.\ Â1BA6 ��A 5m + r(m, r /7:_"� 0 ≤ r < 5) �(�℄LA+(/.(��-!W 9 &:/"f2/ 10m2 + 4rm + 1

2
r(r − 1).�� 2 w�Æ�_ Â1BA64'8�8(J�/ A2, A3, A4, A5(- 10),℄ ÂiAi+1	/_�Zi�& 1

7
(i = 1, 2, 3, 4, 5). W ,IR ÂiAi+1 ��Nq(&hl��J a7 < 9. � ÂiAi+1 �U mi �Kb(�℄LKb(/.(�hl!W 9 &:/f2/

l =
∑

1≤i<j≤5

mimj , (1)�h
m1 + m2 + · · ·+ m5 = 5m + r. (2)Ozn (1) &7:_"o (m1, m2, · · · , m5) &�"U9�F l &p!d
 \�5�a�# l 
p!d�
U
|mi − mj | ≤ 1 (1 ≤ i < j ≤ 5).

5



����� l 
p!d� \ i, j(1 ≤ i < j ≤ 5) �% |mi − mj | ≥ 2, �6�
m1 −m2 ≥ 2, v m′

1 = m1 − 1, m′
2 = m2 + 1, m′ = m (3 ≤ i ≤ 5), �v0Q&_"/ l′, ℄ m′

1 + m′
2 = m1 + m2, � m′

1 + m′
2 + · · · + m′

5 = m1 + m2 + · · · + m5,

l′− l = (m′
1m

′
2−m1m2)+[(m′

1+m′
2)−(m1+m2)](m3+m4+m5) = m1−m2−1 ≥ 1,^X l /p!{1�F# l 
p!d� m1, m2, · · · , m5 hU r � m + 1, U 5 − r � m. 'LLA+(/.(��-!W 9 &:/"��J

C2
r (m + 1)2 + C1

r C1
5−r(m + 1)m + C2

5−rm
2 = 10m2 + 4rm +

1

2
r(r − 1).�� 3 \�f/ 10 &Zi C ��A n �(o�(X M , � n = 6m+ r (m, r/7:_"� 0 ≤ r < 6), �L M h&(/*(����,!W 9 &�aA�"/ Sn, ℄

Sn ≤ 20m3 + 10rm2 + 2r(r − 1)m +
1

6
r(r − 1)(r − 2).�� 3 w�Æ�0 n SI�4�

n = 1 W 2 �� Sn = 0, 
y8��o�� n = k(k ≥ 2) �
y�o��� k = 6m + r(m, r /7:_"� 0 ≤ r < 6),℄
Sk ≤ 20m3 + 10rm2 + 2r(r − 1)m +

1

6
r(r − 1)(r − 2).℄# n = k + 1 ��TPm 1 bA+& k + 1 �(h
 \I( P , (& 2

7
ZR

Â1PA6 f�9<A+(h& [k+1+5
6

] = m + 1 �(�^>(h}($ P &hl
≤ PA1 = PA6 = a7 < 9. FA+(hf2U (k + 1) − (m + 1) = 5m + r �($ P&hl!W 9, �^>(�\L A1, A6 /.("�K P &uI/R Â1BA6 ��3^/R&�-/_�Zi�& 5

7
. TPm 2 bL^>(/.(�-!W 9 &:/f2/

10m2 + 4rm +
1

2
r(r − 1),

(# r = 5 ��TPm 2 b�f2U 10(m + 1)2, 
yH�o�) ZLA+(/*(&�aAh����,!W 9 �UI�*(/ P &�aA�"�2W
SP = 10m2 + 4rm +

1

2
r(r − 1).

6



Æ)( P , V� k = 6m + r �(��L^ k �(/*(����,!W 9 &�aA�"/ Sk, ℄TI�\�U
Sk ≤ 20m3 + 10rm2 + 2r(r − 1)m +

1

6
r(r − 1)(r − 2).W 

Sk+1 = Sk + SP

≤ 20m3 + 10rm2 + 2r(r − 1)m +
1

6
r(r − 1)(r − 2) + 10m2 + 4rm +

1

2
r(r − 1)

= 20m3 + 10(r + 1)m2 + 2(r + 1)rm +
1

6
r(r + 1)(r − 1).^#� n = k + 1 = 6m + (r + 1) �
y�o��.�# r = 5 �� m = k + 1 = 6(m + 1), ��U/ Sk+1 = 20(m + 1)3, 
yH�o�Pm 3 %a�~v���# n = 63 = 6 × 10 + 3 ��TPm 3 %

S ≤ 20 × 103 + 10 × 102 + 2 × 3 × 2 × 10 +
1

6
× 3 × 2 × 1 = 23121.F Smax = 23121.
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x 48 �|���r
�
�||�z�s���!)
2007 # 4 , 1 %'* 8:00–12:30 " (.

4. �'U&L" f : Q+ → Q+, �%
f(x) + f(y) + 2xyf(xy) =

f(xy)

f(x + y)
, (1)�h Q+ ��`Um"XO� (n�PC))��(i) 6a� f(1) = 1.\ (1) h�v y = 1, [ f(1) = a, ℄ f(x) + a + 2xf(x) = f(x)/f(x + 1). Z

f(x + 1) =
f(x)

(1 + 2x)f(x) + a
. (2)W �

f(2) =
a

4a
=

1

4
, f(3) =

1
4

5
4

+ a
=

1

5 + 4a
, f(4) =

1

7 + 5a + 4a2
.uI5��\ (1) h
 x = y = 2, ℄

2f(2) + 8f(4) =
f(4)

f(4)
= 1.�3

1

2
+

8

7 + 5a + 4a2
= 1.d% a = 1, Z f(1) = 1.

(ii) SI�4a��
f(x + n) =

f(x)

(n2 + 2nx)f(x) + 1
, n = 1, 2, · · · (3)T (2) ��

f(x + 1) =
f(x)

(1 + 2x)f(x) + 1
.\�

f(x + k) =
f(x)

(k2 + 2kx)f(x) + 1
,

8



�|
f(x + k + 1) =

f(x + k)

(1 + 2(x + k))f(x + k) + 1
=

f(x)

[(k + 1)2 + 2(k + 1)x]f(x) + 1
.\ (3) hv x = 1, T f(1) = 1, U

f(1 + n) =
1

n2 + 2n + 1
=

1

(n + 1)2
,Z

f(n) =
1

n2
, n = 1, 2, · · · .

(iii) [a�
f(

1

n
) = n2 =

1

( 1
n2 )2

, n = 1, 2, · · · . (4)����\ (3) h
 x = 1
n
, U

f(n +
1

n
) =

f( 1
n
)

(n2 + 2)f( 1
n
) + 1

.uI5��\ (1) h
 y = 1
x
, U

f(x) + f(
1

x
) + 2 =

1

f(x + 1
x
)
.�3

f(n) + f(
1

n
) + 2 =

1

f(n + 1
n
)

= n2 + 2 +
1

f( 1
n
)
.Z

1

n2
+ f(

1

n
) = n2 +

1

f( 1
n
)
.Z

(f(
1

n
))2 + (

1

n2
− n2)f(

1

n
) − 1 = 0.Z

(f(
1

n
) − n2)(f(

1

n
) +

1

n2
) = 0.'L

f(
1

n
) = n2 =

1

( 1
n
)2

.

(iv) pQa��� q = n
m

, (n, m) = 1, ℄ f(q) = 1
q2 .0`_" m, n, (n, m) = 1. \ (1) h
 x = n, y = 1

m
, U

f(
1

m
) + f(n) +

2n

m
f(

n

m
) =

f( n
m

)

f(n + 1
m

)
.

9



\ (3) h
 x = 1
m

, U
f(n +

1

m
) =

f( 1
m

)

(n2 + 2n
m

)f( 1
m

) + 1
=

1

n2 + 2 n
m

+ 1
m2

.O�
1

n2
+ m2 +

2n

m
f(

n

m
) = (n +

1

m
)2f(

n

m
).Z

1

n2
+ m2 = (n2 +

1

m2
)f(

n

m
).'L

f(q) = f(
n

m
) =

1
n2 + m2

n2 + 1
m2

= (
m

n
)2 =

1

q2
.W f(x) = 1

x2 . eEa� f(x) = 1
x2 znY5��F f(x) = 1

x2 /Y2)&d�
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5. � x1, x2, · · · , xn  n ��" (n ≥ 2) zn
A = |

n∑

i=1

xi| 6= 0,

B = max
1≤i<j≤n

|xj − xi| 6= 0.�a�0���&�N n �<r α1, α2, · · · , αn,  \ 1, 2, · · · , n &I��t
k1, k2, · · · , kn �%

|
n∑

i=1

xki
αi| ≥

AB

2A + B
max
1≤i≤n

|αi|.

(kT0C))�Æ�� |αk| = max
1≤i≤n

|αi|, k ∈ {1, 2, · · · , n}. 3~eDa�
max

(k1,k2,···,kn)∈Sn

|
n∑

i=1

xki
αi| ≥

AB

2A + B
· |αk|,�h Sn / 1, 2, · · · , n &�t&XO��6�

|xn − x1| = max
1≤i<j≤n

|xj − xi| = B,

|αn − α1| = max
1≤i<j≤n

|αj − αi|.ixq�<r
β1 = x1α1 + x2α2 + · · ·+ xn−1αn−1 + xnαn,

β2 = xnα1 + x2α2 + · · · + xn−1αn−1 + x1αn,℄
max

(k1,k2,···,kn)∈Sn

|
n∑

i=1

xki
αi| ≥ max{|β1|, |β2|}

≥ 1
2
(|β1| + |β2|) ≥ 1

2
|β2 − β1|

= 1
2
|x1αn + xnα1 − x1α1 − xnαn|

= 1
2
|xn − x1| · |αn − α1|

= 1
2
B|αn − α1|.

(1)

� |αn − α1| = x|αk|, T�a�'�Mb 0 ≤ x ≤ 2, O� (1) h&�'�j?/
max

(k1,k2,···,kn)∈Sn

|
n∑

i=1

xki
αi| ≥

1

2
Bx|αk|. (2)

11



uI5��ix n �<r
γ1 = x1α1 + x2α2 + · · · + xn−1αn−1 + xnαn

γ2 = x2α1 + x3α2 + · · · + xnαn−1 + x1αn

γ3 = x3α1 + x4α2 + · · · + x1αn−1 + x2αn

· · · · · ·
γn = xnα1 + x1α2 + · · · + xn−2αn−1 + xn−1αn℄

max
(k1,k2,···,kn)∈Sn

|
n∑

i=1

xki
αi| ≥ max

1≤i≤n
|γi| ≥ 1

n
(|γ1| + |γ2| + · · ·+ |γn|)

≥ 1
n
|γ1 + γ2 + · · · + γn| = A

n
|α1 + α2 + · · ·+ αn|

= A
n
|nαk −

∑
j 6=k

(αk − αj)| ≥ A
n
{n|αk| −

∑
j 6=k

|αk − αj|}

≥ A
n
{n|αk| − (n − 1)|αn − α1|} = A

n
{n|αk| − (n − 1)x|αk|}

= A(1 − n−1
n

x)|αk|.

(3)


O (2), (3), j%
max

(k1,k2,···,kn)∈Sn

|
n∑

i=1

xki
αi| ≥ max{Bx

2
, A(1 − n − 1

n
x)}|αk|

≥
Bx
2
· A · n−1

n
+ A(1 − n−1

n
x) · B

2

An−1
n

+ B
2

|αk|

=
AB

2A + B − 2A
n

|αk| ≥
AB

2A + B
|αk|.
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6. � n /`_"� A ⊆ {1, 2, 3, · · · , n}, A h�q�"&p=D�",��J
n. �a�

|A| ≤ 1.9
√

n + 5.

(�R>C))�Æ�0W a ∈ (
√

n,
√

2n], U [a, a + 1] = a(a + 1) > n. O�
|A ∩ (

√
n,

√
2n]| ≤ 1

2
(
√

2 − 1)
√

n + 1.0W a ∈ (
√

2n,
√

3n], U
[a, a+1] = a(a+1) > n, [a+1, a+2] = (a+1)(a+2) > n, [a, a+2] ≥ 1

2
a(a+2) > n.O�

|A ∩ (
√

2n,
√

3n]| ≤ 1

3
(
√

3 −
√

2)
√

n + 1.,m
|A ∩ (

√
3n, 2

√
n]| ≤ 1

4
(
√

4 −
√

3)
√

n + 1.'L
|A ∩ [1, 2

√
n]| ≤

√
n +

1

2
(
√

2 − 1)
√

n +
1

3
(
√

3 −
√

2)
√

n +
1

4
(
√

4 −
√

3)
√

n + 3

= (1 +
1

6

√
2 +

1

12

√
3)
√

n + 3.0W`_" k, � a, b ∈ ( n
k+1

, n
k
], a > b, �v [a, b] = as = bt, ℄
a

(a, b)
s =

b

(a, b)
t.T a

(a,b)
X b

(a,b)
S&b s / b

(a,b)
&�"��3

[a, b] = as ≥ ab

(a, b)
≥ ab

a − b
= b +

b2

a − b

>
n

k + 1
+

( n
k+1

)2

n
k
− n

k+1

= n.T�b
|A ∩ (

n

k + 1
,
n

k
]| ≤ 1.
`_" T , � n

T+1
≤ 2

√
n < n

T
, ℄

|A ∩ (2
√

n, n] ≤
T∑

k=1

|A ∩ (
n

k + 1
,
n

k
]| ≤ T <

1

2

√
n.
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m��U
|A| ≤ (

3

2
+

1

6

√
2 +

1

12

√
3)
√

n + 3 < 1.9
√

n + 5.
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