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S (%) =4-x,x € B; Ifi g(x)=2f(x),
0,x=0.
2 R () =H(2(x))=-2x, 1M g(f(x))=2((x))=2x.JIT L, 22 2 A B B AT AT
SR IR IE B n (AR AR AE — AN R B T £(x), 36 2 TR A AP
(1) RE R REE kB (k) A BEEU) 78 AR A2 k ANBERE n BEBR
(2) 2 fOMREUNT n.
i — BRATREUE B X FE 1 2 AR AE (19 70 B2 5 AR 2 n=1 B3 n o AN 3R AU
e RFR bR W AR IR AL T R ] B
[G1H—] & p — N REIT K e — MEHL %
(k—l)(k—ZZ---(k—p“ +1) (:( ka—l ]ﬁ%ﬁ)
(p“ =D p -1
BB p BEBRI R EL AT 2 k BB p HE B
[UERA] F Lo(m) R 2 pm R R BEH .
6 — 25 polk, M 1<j<p®-1,H Lp(j)<ow, i Lp(k-j)=Lp()=Lp(p-j), T /&




(k-D)(k=2)---(k=p"+1) k-1 k=2 k—p"+1
(p*-1! p“-1 p* =2 1

ATIATA BT 7315 73 B p BRRUCH [, DR 0, e AN 2 p B A

Wt pe )(k,DlUHH( e ): P ( "QJ q:[ "ajﬂﬁgiﬁz,ﬁﬁ Ly(k)<a,
p'-1) k\p p

%u( -l J%p e
pt -1

(3188 =] 25 gt RHUNT n E TR Y (1) Clg(x+n—1)=0,

[UERA] X2k T 22 20 i — AN AR 58, — AN 5 LR B 2
XF n 4.
2 n=1 I, g(x) 2 — AN 32 T, R

Zn:(—l)l C,g(x+n-1)=Clg(x+1)~Cig(x) =g(x+1) - g(x)=0.

=0
R n=1 AYOT.

LA U n-1(n>1) B T L4 T n B T, 2 h(x)=g(x+1)-g(x), )l h(x)

FIREIN T g RITEL, B IH AR B AT i ni(—l)’ C! h(x+n—1-1)=0,00F

i(_l)lcri—l(g(x+n_l)_g(x+n—1—l)) =O

1=0

n—1
=Cgr+m)+Y (-D'(C,L+C,)gx+n—-1)~(=1)""C,g(x)=0

I=1

ji(—l)lC,ig(x+ n—1)=0

1=0

5 H —3RIE.
[GIEE =] # n AHRANAFEBZERE T, ged(C),C2,---,CH=1.



[E W] % 75, W A7 76 250 p, {543 p| ged( C!,C2,-,Co7 ). o Bl 3, &
p|C = n, ¥ Lo(n)=a, 1T n A AR F I E T, B, 1<po<n,iX & B4 A5
Cr R Cr #EC,C2 L, Cr R B E AR p FIFE 5L T2,

pl(Cr -crh=cr’,
X5 5| B R R,
[ 5 J5 R, R A I m=1 5 p™ (R 0 T oA T B0 W i ik A 4 1 1) 22 T K.

M2, 1 Ve >, N %
Be n=l,lﬁ,f(x)=5 BPFFE2oK: 2 n=p“if, %

f(x)=l£ x—1 le.(x—l)(x—Z)m(x—p“ +1),
p\p“-1) p (p* -1
B p*-1(=n-1){X 2 T, i 51 B — 7] 50, &R 5 20K,

B Ja FATEW A n A PAAR R 7, MAAAERF & 2R 1) 2 B

F B URAF A A2 26 A 1 22 T (), B4 AR 51 B & g=flx =-k(iX

B 1<k<o)F[EICEF(0) = D (=D ' CLf (—k + 1), B £ (1), B f(K),.. f(-1);

0<l<n,l#k

f(1),....f(n-k) R HEE BT LLLY 1<k<n, % CF £(0) #B A4

Hi 51 3 = 4518 45 &5 Bezout 5& BRI AFEBEH wr,..un, fE45 D 0, C) =1.
k=1

FHRO(Yu, C RO Y, €L £ (0) WL 5 A,

7] S i
L B SN n=p X B p NERELa AR BB SEIE— 5] H
[F1BEPU] AR n NS ay,. . a0 FATE—DNREUNT n (EME 2 DI P(x), 15
9% 1<k<n, #H P(k)=ax.

XF n AR B, 24 n=1 I}, 4 P(x)=a; B A] B 5% UG n-1(n>1) o A
S B AEAE B E 2 0 Pix), X 1<k<n-1, #EH Pik)=ar1, 2 PX)=Pi(x)+



(an-P1(n)) [x B U LEAR 1<k<n-1,E#0E (k - D =0, M (" - D =1. B a] s2 3 5 g5
n— n— n—

TE.

A, G T n AFAERF & R 1 2 I X (%), 34 B 5] HL Y Ay 438 — MR
BUNT n-1 WEMEZ T Px),[#15 1<k<n-1,#H Pk)=f(k),HH},1,2,...,n-1 #F
7& Z WA (x)-P() IR, Z5 6 P(x) N BAE 2 T, il &0 f(x)-Px) 2 — MR a 4k

P10 22 32X TR e, e im0 i) L BRATT AT e (%)= cﬁ (x=i),XH c 2 —NF

d
BEHCR B o= 2 R B BRSO R I q IR EEOME N g = [ 07 .
q =1

—J7 1A, BT (x)i 2 S A, R FO) AN 2 B 5 e g | (D) (n = 1) R A

TEREA A0 pT | (1) (n = 1)) I D]
ﬁ(pjj —i)=(=1)"(n—1)!# 0(mod p}")

TR p VAR A S AR, FTH n| p B n N R.

77,24 n=p°H}, % f(x)=l(

x-1 jziﬁx—l)(x—%---(x—p“+1> -
plp” -1 ’

p (p* -D!

51— R Z5 R w] R 2 — A R 2 T

. WoR AABC FAMER, — %117 T BC B H 4 [ 70 M58 2Bt AB,AC T 1

D.E.&Z o T A K.L(s D /T K il E Z[8]),y: /&5 4B KD,BD [ o #HH 1)
(115 y2 /& 5 2k Bt LE,CE AR & AH D) B ALK 1R 4GS, By Flys 1) A A D12
AZ R,
fift: ¥ P Ry Fllya A A VIR I AE AL E 2R m 2 ZBAC [R50 4, B T
KL//BC,# m 2% /KAL [ £°F4r4%.

PLTEK P 1 e VE ST B m IS ARAR 3, 58 5, LA A A S s 0, A



VAK - AL F RN A e 1% A BT RO A R, % L e
A BE AT T A KoM L, HE&E KLofo; 4 ABoHL AC, &
BoriE; R ComD: ZE BDoLE EC: JlBKoZ B EL:; il CLe
28 Bt DK.

12 01,02 73 7 2 [l y1 Fya B IR Co, BH T R ZE 1 S5 A 1 [5lly Ay, 0 2 M —
i 7 10, DRI R B T 0 6 2 56 3R, T RN TE AR 4 R ATTAH G B, 2 S 2k

. . , A .
A0 5 A0, KT EHZ m XﬁkﬁzolABzzozAc,ﬁ&A—Ol =P X Hpi,p2 53

0, p,
&y Mo 12420 BT PO Ely Fly, I A DI INAE 5, e 2 26 B 0102 1

PO _ P jip p 18201 AO A1 T-40 2 |- A3 215 /BAC 17 T

I H —+
PO,  p,

ek k.
7 FE R PR A T 45 S S R AT N8 8 P BB /2 £BAC HIF-F 70 4

RN

FE4ETLREREXNITHBERER

BR:2011 4E 2 H 26 H RIS A nih B
EE

4 HEHH = [ p* RO =Y e, 5 n A Z BN 103 R

FEHORFE 2,52 L A(n) = (D" @I A(12) = A(2° -3) = (=1)* = -1).FH:



(1) FELT LN EBH 0813 A(n) = A(n+1) =+1;

(2) FAELT 2N IEBE 03 A(n) = A(n+1) = 1.

WE B 2 2 T = IR L mun, 5 Q(mn)=Q(m)+Q(n), I Q& — AN 58 4 7] IR
2, R, A (mn)=2 (m) A (), FN A 72 — A 58 4 7] 3 bR 2, WO A S = p, BB A
Mp)=-1, M AT = 1E L kA MK)=h(K)*=1.

() i IR J7 FE x:6y>=1 1 & 55 £ A 1k B AW (xeym), € 11 W H
X, + 9,76 = (5+26)" 5E X, H FA6y>)=A(y)=1, HA(6y*+ 1)=A(x>)=1, 1% I
RE (R Bk — A AR RE(D) A — A n(=6y?).

3 A IR B n i 2 A (n)=A (D), WA ((2nt+1)%-1)=2 (4n(n+1))=1 (4) A (n)
An+1)=1, 20+ 1)2)=1,3%FE, M n=1 H & AT i34 3% 16 55 2Nl 2 (D n.
() /R J7 1 3x22y=1 1 & 55 £ H IE B K AE (xmym), B A1 AT H
X, V3 4 V2 = (3 +42)2 5 ST RY)=A2)AYD=-1=A(B) A=A (3x)=
M2y?+1), [FI(1) AT F i o7

T AR R B =2 38 2 SR A, T R A RS UL I A AE B R I IEBE L n, 45
A(-1)=1(m)=-1,1 % m>n B, A(m) 5A(m+ 1) A FE Y 15 &, Ant+])=1,1
A((n+1))=rm)A(n+1)=-1, 3 T A (>t 1)=1, 7103 1)=A(n-1) A(n2+n+1)=-1, 1
AMnd)=Mn)’=-1,55 n KT JE(FA n22,#i n*-1>n-1).

o ONPEEA IR 023, WA E T I B R TR IR ER K 0 DR A XX, X

Z AN OR B AR — WA AR R X, X, B8P 1E (1,2, on} 19— M F o (450
AT 1<ksn, #A d(Xi, Xi)=d(X), Xoo)- 1% B d(X,Y)FoR £ X F1Y 2 [ i 2 5.
i FATSEUE M T ) R

TR 2 LA AL AR R AT R X B A AR R EE AR 1) B xS A2

1 & -
=3, = 0T AKXk il (xrmx = 2o L,

k=1



n n n n
2 dX X)) =nx P =200 3 + 2w (P =n g 17+ 20 x |
k=1 k=1 k=1 k=1

n n
=2 d(X X ) = nlx, 1P+ x| -
=1 =1

Pt AR AS R g, 88 || x, 117 =), 117 BRI, I 28 s R R (e AT [0 A 0(0,0)).

BUEBE m 21X n A R AR AR A R 1 i MEL R A BB SE T m
FRIPIAS AR O b DA AT R P A R SR ) 0 2 183 — 2 30, R Bl — N
GARFAF,G A2 — A IR B, AT AR A2 1 80 2.

Wik n NAELH T Zn:deg(Xk) =2| E |,/ deg(G)=2,RNE: f#R 5 & AHAK

PRI AS A% 320, BE IS EAT TAE A — AN IE n ST,

W n N EE Y deg(G)=2 I, 75 A K4 % 1F n 34 % H B W] BE 2
deg(G)=1, LI, 15 M A AT 2 R A R s vh 28 2 /N IMEL, A R 5 ML R
5 ATS SR A AT 1) K B ML) s X 2 ) — 2k 00459 31 B G 28I 8 mT
deg(G")=1, T /&, X i, FT 45 ) n ST (320 4 52 5 4 56 (B Bl K 3 A 45, HLAR
HOOKFERRSE).

EAEE R A, BA EIRPER A n A RAFAER,

. —AN2011x2011 BT AR BRSNS ER B b 28 4501,2,...,201 12 FR ) REAN 4

R AN T — IR AR RS A T A O H, BT
FHABAN AR A 48 1 1077 2045 3] — M EPA T (FTR y—A> “ R R 2R 1m).
SRR ) IE R ML A4S T Rbn O 20 EAAAE P A SB BN TR (PR A 3
AHINTT RS, EATH BT RS f 8z 7= CR BRI 2 /2D D9 ML

T HARFRR IR, N TR (x,y) BT (x "y ) AH AR 2 Fi :x=x",y-y "=t 1(mod 2011)
% y=y' x-x'=1(mod 2011).
fiff 15 N=2011, 34 T0F— M IR NN R A% SR g [4] 14 i .

2 N=2 I, G590 &~ JLEY, TR 1) M=2,51 740 R



1 2

3 |4

8 N=3 {1, JATIEP] M>2N-1.

MRS RSN 7 A E B IR TR, 4 R R S N3 1,
2, I A bR 1) /N 7 A% G il B e TR b R K AR — U BT T 1
I 45 b bR R AR A T i e — AT AT 2D A AR B R T A
A ZDPA B X RPN bk 20, b F —ATEABE—Fh 22 F—1 %
1%

AYBE, 4R bk AT ER I T A R X R A th B 2 AT
(RIS 0 P, DR R SR TR AT T 2 4 A IR 4 A K AR TE IR BRAT HH AR A
ANTTHRE L G RTERAT o CA A AR (X LT B N23) 5 k FRrE e 4T,
IR — F1 R A P A B A AR FRATTHE A — A AH AR S ) A% e p
L1458 4 BT s AT B AR AE 1) 4 FRAT A0, FERBFAT ER A IS FRAS A — AN 1%,
DAL bt 3 A7 o T 5 D P A AL 3 — 20 5 0] REAF AR 1Y) 4 AT AR AR AT
HOb A — NN R P DA 12 4 BB AT R 2R A — A B A G BT AR I AT A
2140 7 H>2(N-1)+1=2N-1.

DRIk, BT 20 € 5 1 R R B /A 5 B2 22 A ke 1-(2N-1), 2412 05 88 AR AT I 1
ks R 5 (TR AR DO k1), JX PN A &I A% 2[R ) 22 >2N- 1.

W R e N=2011 #9415 34T R T A& 2 40 N=2n+1(=2) i
B, FRE W T — Ml M=2N-1 #6175

Qn+1)2-2 | (2n+1)2-9 n(2n-1)+1 @n+12-10 | 2n+1)-3

(2n+1)>-8 n(2n-1)+2 n(2n-1) (2n+1)%-11
2n(n+1)+3

2n? 8 2 6 2n(n-1)+2 2n(n+1)+2

22+ 3 1 5 2n(nt)+1




2n?+2 10 4 12 2n(n+1)
@n+1)-7 n(2n+1) n(2n+1)+2 (2n+1)-4
@n+17-1 | 2n+1)-6 n(2n+1)+1 @n+17-5 | @nt+l)y
n=2 H-Fi&
23 167 15122
1718 |2 |6 14
9 |3 1 |5 |13
1811014 12 | 21
24 119111120 25
X ) M=9.

IRl b, R A BT sk Y M=4021.

BT

I 4 /NEF 30 %
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2012 B I JR AV R Ul bh B 27 B BR DU v

hESHEE, G424.79  TRARIAE: A

X HEHFS . 1005 -6416(2012)06 - 0025 - 05

WREFLEPRIFHEFAKREETF2A29 8—3 A4 B EAFmBpirssssis, £
IMO LAGE RO TR BFM £BAAFLAEAAN— BB ELHE LA, FRRESR 15

o

SPEAMFARELER2E R, LEFTHARRATEAMTHEAER, MAREX 245
(FHERE) ,NAARERE(AKRKP), NERA FEL HEF . SHEH K448

ME(AKXKEY), HFE(RXEDITP),

XS BRBAT, HERXR AP0 54 E3EM, HHT 5,

BERALERNI LT FATARSLME, 11 AKFHRE, 1S ARKFRE £ 4. 8%
SPHREKRRAEB 52245155, PEARKFEBOEFZL . HBFL(L£%8,30 5), #EF
(254,28 5) , S B4R ,25 5) , B (40,22 5),

£ — X

1L E-HARABNBEMLE S, K
—EBEMBE— N BEAXERE”, MREN
TEHNREFEL BB R
M~ ZBREE” , MRS BB
WHEFE LN E . BBREEND
B LUK EENNEEA MHFIW & E
CARXRRMHER)

2. BMTEIESIE/\ ABC ¥, 5 D.E.F
4y B35 BC.CA.AB Wi 5, H4k BE
A BCFHISMERI TR P(AF T B) , HER
AD N\ ABE MAMERIT S QAR T R A4),
BLDP Y5 FQ X F K R UEH . A ABC [WE
L G N PQR H5MER |

.EMEA EREERH S A
. KBS Z, L R TIIRA &

(DHFx<y, M Ax) <fy);

Q) BEREH x.y 2 (AT LIHE) Bl
B, B x +y =2, f(x) +f(y) =f(2).

R R EER o, (878 f(x) <ax X —

YIERH « .
g2 X

4.E T AEFE T ST B E BB n, 78

27 1 BB n BIRMH 2" + 1 RAERE n R

5w n=3 o[ 2

B8 nxn FREPHENFRERLR L
Hy—#ge, HERgazE/ AWK i
. rERP—EFE-T1x3 HF 3 x1
B/NCHTE, E=AN B ET =/ARFEN
Bt

[FE) (=] FRTEALH « B AR
.

6. A 1.0 53312 N\ ABC B L 5h
P, 8w, 3 B C,IHB 5/ ABC FRH]
BAEY]. K032 LB w; FE wc. BEH o,
B we ZTFAR BT AA, B E X
K B'HC'.EW: H% AA' BB’ .CC' X F—
FOEXREEL IO |



26

SR

5% 5%
- x

LiEE1 MBEBEBTE X PEM—4
BESLABETEY PEA— L EBRA
PR X 5 Y B

BT TEN (X,Y) MEE S.

MFACHBRFEX,BY, W5 X4
BRTEMB RO L BETE, NS X HR
DB FEXN LB FEIAE 24

FR,s=252'"
X

BEH 2RSS AMNY Y, B2
£, WX REBAEE B, S5B#L
EEMNFNF BRI

FH,S SZBEAKEEM W FEE
.
WBBEABENTMBESLBEAZEHN
BEAHFE T EE.

%2 iCABBERES B AL
BARES G

Tt Bl + |Gl #ATIHA.

LBl + 16| =08}, HHiLBRAL.

BBl + |Gl <k B, ZiBERRT.

WMIB|l+|G|l=k+18}, HB=0,MU%
WAL

Ti&B#J.

BB HFBE#%b,iCB =B/{b} ,FIARN
HoWLBHBRES G

BR.BUCHFHBBEREENRE
BUGHHI B REE.

HR MEBUCHHEBBEABEESLE
BUGCHHBEBRER MHE—EL B UG
PHBBRAEEEMEBE b T&,BUG
FHEBREEIM PR B UCHHBELR
EBENMME B UCHTHBERBENK
ZA.

FE,BUGCHFRLBEREENER

B UGCHHEZBEREENTEE B UG L
BREBEEMZE.

HEANBE,B UG P BB REEN
BELBREENHNAAHFNAEYE,
BUGCHRBEREBE M S LEREEN
B B A R e AR

BB+ (Gl =k+1 1, Z5iEHRRST.

2. 0E 1, EHE GF FBUR T,#18

GF-GT = GQ-GD.

A1

M, F.D.Q.T P4 3L H.
F8,£FQG = LGTD = LCTD.

YELR Bx PMABD,i%& DM 32 GC F 5 K.
54, £DPB = /CMD.

iC GE =x,GF =y.

2

Bi GP-GB=GC-GF 18 6P =1~

-
2
lﬁlﬂ,ch"?.

2

?E,DM:BP:BG+GP=2x+%,

2

CT:CG+GT=2y+3;—I—.
)ZDK=—;—BG=GE=x,
CK=—;—CG=(;F=y,
M| DK-KM = DK(DM - DK)

2
=x(2x +'§——x) =x" +y’ = TK-KC

= T.D.C.M MG 3EH
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= /CTD =/CMD

= /RQG = /CTD = /CMD = /RPG

= G.P.Q.R P& IEH.

X FEER vy, B[,y | RRITEHE
sty MBS IFREKE R y =

A L Lo

MRS, W o = max L0 LAY st g
AR I OB
R <o, 8 (x) <an H—E

B« BRI
THEBEERANRAER «.y #15

fL:-l;efiyL) BT, R .y BN,

(MBENKER »y WXEPFAE
WER R AR, Bk E+xy]. T

fk+zy) =f(k+z(y-1)) +f(x)

=-- =f(k) +yf(%),

flk+xy) =f(k+y(x-1)) +f(y)

= =f(k) +#(y).

TR, (x) =of(y) , FJ&.

Q)EENKER oy WXBEPAAE
BAREAK, BRI EE+xy]. B

D =max{f(k), f(k+1),-, f(k+xy)},
W EEEH =k, F

fz+1) —f(z) <D.

BE L BN : MEBRIEAEES,,
B(1)m

z-b, <xy.

EXE[b, +k,b +k +xy] P AHE
BREB(RADb,) M b, >b,.

B b, FIBES b, > 2.

EED,b, -b €[k k+ay] R—MEUE
B

W f(z+1) -f(2) sf(b,) -f(b,)

=f(b, - b,) <D.

B =m0 £2) A8 p)

% 1<a<k B, BRH f(x) <ax BOL

Max>kB, B

f(x)<f(k) +(x-k)D

<ak +(x-k)a=ax
WL, W R E SR,

G)EXNTEE—MRER 2y BIX[E,
HPHHA BB AL AEE a6
B R=2xy HR+1 R GEY.

B D =max {f(R), AR+1)}.

WXHERBE 2222y, H

f(z+1) -f(z) <D.

HLE BRAES : WBRKROBEE r
HUNF r (R KB AR L, N

0<z-b=(z-r) +(r—-b) <2axy.

Si=b+R+1. 1

tz2b+2xy+1=2z+1.

e RBEAK, N

f(e) =f(b) +f(R+1) <f(b) +D

= fz+1) -f(z) <f(¢) -f(b) <D;

HIROGKH EER I+ 1 HRLOA
i,

(1) =f(b+1) +f(R) <f(b+1) +D

= flz+1) -f(z) <f(1) -f(b+1)<D.

XU, MMEERER =22y, F

f(z+1) —f(z) <D.

PAT RHETE (2) BT IEFR 458

FZX
4. (1) BHEBH: n=5T B—IHEE
RBIEBE
—JFH, BX

27 +1=(2°)%x2° +1
=(-1)*x2° +1=9(mod 19),

FRL,2Y +1 RRBHE ST 8% .
B»—Fm, BA
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SR

27 +1=(2)" x2+1=(-2)"x2 +1

=(2*)" x2* +1=9(mod 18),

27 +1=2° +1=0(mod 19) , AT,

21 $1=2 +1=0(mod 3),
BREL, 277+ +1 BEBE 57T B4

(2) TR & E B n W6 R E R,
£=2" +1 i R ER.

FE LB 27 +1 BB n B, TR

270 1 =nk(kRAR).

2%+ 41 =2 +1 BEgE: =2" +1 BB

B 2" +1 ANRESE n BEBR, AIR

2"+l =nk+r(1<sr<n-1).

FET,

2041 =2 41 =27 41

= (2n +1)[2(k—l)n+r _2(k—2)n+r oo g

(-D* 277+ (-1)*2" +1.

Ml |(-D)*2 41 <2 +1 =1, 8k
2' + IREEE ¢ BB

Z61).Q2), MEELFZ1EEH
WRER

5.5 11 x33E3x1 H/MKITTER
EATRPELATH AR AR, MR/
KA ZEE 5 T. BR, 81K
FHREREHE MO SR

L RO E: R

121 TP, EEFFACRER
HAE)RT p N, MM ERE L1E

TR—ATHFHE -1 MMEHTE.

F1 1 e53E8] X TREMEAALEN
INRFITTE BRI @I BT A T —K.
Mo, BIMOE/NTRRZHIT A=K, T
HEZMmELET RSP APK, & A
WML AT RE R M. TR, fiFa e/
TRBEPITAT 3p -2 K BBHAE 5

KT REA L2

L2 HEENMTH/ERD, ARG
(RPFBRRLAE) BT ¢ DI, WX AE

BREZLET 3(¢-1D)AN/PRFTIE.
JlE24EH FHae=1, NERBR
BUOE.
FHe>| , RAGBTHRGHELTMIF
di, B8R, k+1=3.
S EIBL MW SIE S FANCRLE 1 SR BRIV Sy )

TR - kA, WAL SRR 3 x 1 /MK

FRARBIEL -1 4 BB 5 KT

W RBAME 39 - (k+1) <3(g-1)1
51 3] JR AL

2N = [ o, s

BRETHEEER. MRS E SES/MIT
A pst g vl

N N
D 3(n,=1) =3 D) n,-3N
i=1 i=1

=3n> -3N <3n® - (n* +4n)

=2n(n-2).

Mnxn FEPH1Ix3HHE3IxIH
NS 2n(n -2) A, P B DH —A
BARGAEMEE S5, W ER = R g
ET=MAEREE.

6. W& 2,12 A ABC W YIRR I, i
51 BC .CAAB 535U F 55 A, B, .C,. &
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Bf: T|rREE
The 11" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. Amy and Bob play the game. At the beginning., Amy writes down a positive integer
on the hoard. Then the players take moves in turn, Bob moves first. On any move of his, Bob
replaces the number n on the blackboard with a number of the form n —a®, where a is a positive
integer. On any move of hers, Amy replaces the number n on the blackboard with a number of
the form n*, where k is a positive integer. Bob wins if the number on the board becomes zero.
Can Amy prevent Bob's win?

Russia, MaxiM DiDIN

Solution. The answer is in the negative. For a positive integer n, we define its square-free part
S(n) to be the smallest positive integer a such that n/a is a square of an integer. In other words,
S(n) is the product of all primes having odd exponents in the prime expansion of n. We also
agree that S(0) = 0.

Now we show that (i) on any move of hers, Amy does not increase the square-free part of
the positive integer on the board: and (ii) on any move of his, Bob always can replace a positive
integer n with a non-negative integer k with S(k) < S(n). Thus, if the game starts by a positive
integer N, Bob can win in at most S{N) moves.

Part (i) is trivial, as the definition of the square-part vields S(n*) = S(n) whenever k is odd,
and S(n*) = 1 < S(n) whenever k is even, for any positive integer n.

Part (ii) is also easy: if, before Bob’s move, the board contains a number n = S(n) - 4, then
Bob may replace it with n' = n — % = (S(n) — 1)b%, whence S(n') < S(n) — 1.

Remarks. (1) To make the argument more transparent., Bob may restriet himself to subtract
only those numbers which are divisible by the maximal square dividing the current number. This
restriction having heen put, one may replace any number n appearing on the board by S(n),
omitting the square factors.

After this change, Amy’s moves do not increase the number, while Bob’s moves decrease it.
Thus, Bob wins.

(2) In fact, Bob may win even in at most 4 moves of his. For that purpose, use Lagrange’s four
squares theorem in order to expand S(n) as the sum of at most four squares of positive integers:
S(n) = a? +--- + a2. Then, on every move of his, Bob can replace the number (a? + - - - + a3 )b?
on the board by (af + -+ + af_;)b*. The only chance for Amy to interrupt this process is to
replace a current number by its even power; but in this case Bob wins immediately.

On the other hand, four is indeed the minimum number of moves in which Bob can guarantee
himself to win. To show that, let Amy choose the number 7. and take just the first power on
each of her subsequent moves.

Problem 2. Let ABCD be an isosceles trapezoid with AB || CD. Let E be the midpoint of
AC. Denote by w and 2 the cireumcircles of the triangles ABE and CDFE, respectively. Let P
be the crossing poitn of the tangent to w at A with the tangent to {2 at [). Prove that PE is
tangent to €.
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Solution 1. If ABCD is a rectangle, the statement is trivial due to symmetry. Hence, in what
follows we assume AD | BC.

Let F be the midpoint of BD; by symmetry, both w and Q pass through F. Let P’ be the
meeting point of tangents to w at F and to {1 at E. We aim to show that P' = P, which yields
the required result. For that purpose, we show that A and P'D are tangent to w and €,
respectively.

Let K be the midpoint of AF. Then EK is a midline in the triangle ACF, so Z(AE, EK) =
Z(EC,CF). Since P'E is tangent to €2, we get Z(EC,CF) = Z(P'E,EF). Thus, Z(AE,.EK) =
Z(P'E,EF), so EP'is a symmedian in the triangle AEF. Therefore, £P' and the tangents to w
at 4 and F are concurrent, and the concurrency point is P’ itself. Hence P'A is tangent to w.

The second claim is similar. Taking L to be the midpoint of DE, we have J(DF, FL) =
ZIFB,BE) = £(P'F,FE), so P'F is a symmedian in the triangle DEF, and hence P' is the
meeting point of the tangents to 2 at D and E.

Remark. The above arguments may come in different orders. E.g.. one may define P' to be the
point of intersection of the tangents to 2 at D and E — hence obtaining that P'F is a symmedian
in ADEF, then deduce that P'F is tangent to w, and then apply a similar argument to show
that P'E is a symmedian in AAEF, whence P'A is tangent to w.

Solution 2. Let @ be the isogonal conjugate of P with respect to AAED, so Z(QA.AD) =
Z(EA,AP) = Z(EB,BA) and £(QD,DA) = £(ED,DP) = Z(EC,CD). Now our aim is to
prove that QF || CD; this will yield that Z(EC,CD) = Z(AE, EQ) = Z(PE, ED), whence PE
is tangent to €.

Let DG} meet AB at X. Then we have (XD, DA) = Z(EC,CD) = Z(EA,AB) and
Z(DA,AX) = £(AB, BC), hence the triangles DAX and ABC are similar. Since £(AB, BE) =
Z(DA, AQ). the points @ and E correspond to each other in these triangles, hence ¢} is the
midpoint of DX. This yvields that the points @ and F lie on the midline of the trapezoid parallel
to CD, as desired.
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Remark. The last step could be replaced with another application of isogonal conjugacy in the
following manner. Reflect @ in the common perpendicular bisector of AB and C'D to obtain a
point R such that Z(CB,BR) = £(QA,AD) = Z(EB,BA) and Z(BC.CR) = Z(QD,DA) =
Z(EC,CD). These relations yield that the points E and R are isogonally conjugate in a triangle
BCI. where [ is the (ideal) point of intersection of BA with C'D. Since F is equidistant from AB
and C'D. R is also equidistant from them, which vields what we need. (The last step deserves
some explanation, since one vertex of the triangle is ideal. Such explanation may be obtained in
many different ways — e.g.. by a short computation in sines, or by noticing that, as in the usual
case, I is the circnmcenter of the triangle formed by the reflections of E in the sidelines A8,
BC, and CD.)

Solution 3. (Dan Carmon) Let O be the intersection of the diagonals AC' and BD. Let F be
the midpoint of BD. Let S be the second intersection point of the cireumeircles of triangles AOF
and DOE. We will prove that SD and SE are tangent to 2: the symmetric argument would
then imply also that SA and SF are tangent to I'. Thus § = P and the claimed tangency holds.

We first prove that OS is parallel to AB and DC. Compute the powers of the points 4, B
with respect to the circumcireles of AOF and DOE:

d(A, AOF) =0, d(A,DOE)= A0 -AE
d(B,AOF)= B0 - BF, d(B,DOE)=BO-BD=2B0-BF
And therefore
d(B, DOE) — d(B, AOF) = BO - BF = AO - AE = d(A, DOE) — d(A, AOF)
Thus both A and B belong to a locus of the form
d(X, DOE) — d( X, AOF) = const,

which is always a lines parallel to the radical axis of the respective circles. Since this radical axis
is O8 by definition, it follows that AB is parallel to 08, as claimed.
Now by angle chasing in the cyclie quadrilateral DSOE, we find



£(SD, DE) = £(S0.0E) = £(DC,CE),
Z(SE,ED) = £(50,0D) = £(DC, DB) = Z(AC,CD) = £(EC,CD),

and these angle equalities are exactly the conditions of SD, SE being tanget to £, as claimed,

Remarks. (1) The solution was motivated by the following observation: Suppose P is the
intersection of the tangents to £ at D and E as claimed. Then by single angle chasing we
observe that the isogonal conjugate of P in the triangle DOE is the common ideal point at
infinity of DC and EF. This implies that P is on the circumeircle of DOFE and that OF is
parallel to DC' (to be precise, it implies that the reflection of OF in the angle bisector of DOE
is parallel to DC and EF - but the angle bisector is also parallel to these lines, so in fact OP is
the angle bisector). By symmetry it follows that P is also on the circumeirele of AOF, thus the
construction.

(2) The key parts of the proof can be described as (1) Constructing S, (2) Proving that OS
is parallel to AB and CD, and (3) Concluding that S = P and finishing the problem. Parts
(2) and (3) can be performed in various other ways. For example, part (2) can be proved by
showing that the circumeentres of AQF and DOEFE lie on a line perpendicular to the trapezium’s
bases; part (3) can be proved considering the spiral map taking the circumecirele of DOC to the
circumeircle of DSE. Since O is the second intersction point of these circles, and since OCE
are collinear and SO is tangent to the circumcircle of DOC at O (by symmetry), it follows that
the spiral map sends C' to E and O to S, L.e. the triangle DSE is similar to the isoceles triangle
DOC, from which the remainder of the angle chase is trivial.

Problem 3. Given any positive real number £, prove that, for all but finitely many positive
integers v, any graph on v vertices with at least (1 + £)v edges has two distinet simple cycles of
equal lengths.

(Recall that the notion of a simple eycle does not allow repetition of vertices in a cycle.)
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Solution. Fix a positive real number ¢, and let G be a graph on v vertices with at least (1+2)v
edges, all of whose simple cyeles have pairwise distinet lengths.

Assuming 2v > 1, we exhibit an upper bound linear in v and a lower bound quadratic in v
for the total number of simple cycles in G, showing thereby that v cannot be arbitrarily large,
whence the conclusion.

Since a simple cycle in G has at most v vertices, and each length class contains at most one
such, (¢ has at most v pairwise distinet simple eyeles. This establishes the desired upper bound.

For the lower bound, consider a spanning tree for each component of (7, and collect them all
together to form a spanning forest F. Let A be the set of edges of F, and let B be the set of all
other edges of G. Clearly, |4| <v—1.50 |B|Z (1+elv—|A| Z(l+ev—(v—1)=zv+1>ev.

For each edge b in B, adjoining b to F' produces a unique simple cyele O through b, Let
Sy be the set of edges in A along Cy. Since the €y have pairwise distinet lengths, 35 [Sy| =
24+ (|B|+1) = |B|(|B| + 3)/2 > |BI*/2 > %v%/2.

Consequently, some edge in A lies in more than £2v?/(2v) = £%v/2 of the S,. Fix such an edge
ain A, and let B’ be the set of all edges b in B whose corresponding S, contain a, so |B'| > £%u/2.

For each 2-edge subset {by, by} of B’, the union Cy, U G, of the eyeles Oy, and Cy, forms a
f-graph, since their common part is a path in F' through a: and since neither of the b; lies along
this path, Cy, U Cy, contains a third simple cyele Ch, 5, through both b and be. Finally, since
B'NCyy 4 = {b1. b2}, the assignment {by,ba} — Cp, b, is injective, so the total number of simple
cycles in G is at least ('21) > (f?;f %). This establishes the desired lower bound and concludes
the proof.

Remarks. (1) The problem of finding two cycles of equal lengths in a graph on v vertices with
2p edges is known and much easier — simply consider all eycles of the form .

The solution above shows that a graph on v vertices with at least v + ©(v*?) edges has
two cycles of equal lengths. The constant 3/4 is not sharp; a harder proof seems to show that
v+ O(/vlogv) edges would suffice. On the other hand, there exist graphs on v vertices with
v 4+ 8(/v) edges having no such cycles.

(2) To avoid graph terminology, the statement of the problem may be rephrased as follows:

Given any positive real munber £, prove that. for all but finitely many positive integers
v, any v-member company, within which there are at least (1+2)v friendship relations,
satisfies the following condition: For some integer u > 3, there exist two distinct u-
member cvelic arrangements in each of which any two neighbours are friends. (Two
arrangements are distinct if they are not obtained from one another through rotation
and for symmetry; a member of the company may be included in neither arrangement,
in one of them or in both.)



Sketch of selution 2. (Po-Shen Lok) Recall that the girth of a graph & is the minimal length
of a (simple) cyele in this graph.

Lemma. For any fixed positive 4, a graph on v vertices whose girth is at least dv has at most
v+ o(v) edges.

Proof. Define f(v) to be the maximal number f such that a graph on v vertices whose girth is
at least dv may have v + f edges. We are interested in the recursive estimates for f.

Let G be a graph on v vertices whose gifth is at least dv containing v + f(v) edges. If &
contains a leaf (i.e., a vertex of degree 1), then one may remove this vertex along with its edge,
obtaining a graph with at most v — 1+ f(v — 1) edges. Thus, in this case f(v) < f{v —1).

Define an isolated path of length k to be a sequence of vertices vg. vy, ..., g, such that v
is connected to vy, and each of the vertices vy,....ve—1 has degree 2 (so, these vertices are
connected only to their neighbors in the path). If G contains an isolated path wvy...., v of
length, say, k > /v, then one may remove all its middle vertices vy, ..., v, along with all their
k edges. We obtain a graph on v — k + 1 vertices with at most (v — k + 1) + f(v — k + 1) edges.
Thus, in this case f(v) < flv —k+1) + 1.

Assume now that the lengths of all isolated paths do not exceed /v; we show that in this case
v is bounded from above. For that purpose, we replace each maximal isolated path by an edge
between its endpoints, removing all middle vertices. We obtain a graph H whose girth is at least
du/y/v = d,/v. Each vertex of H has degree at least 3. By the girth condition. the neighborhood
of any vertex x of radius r = |(d,/v — 1)/2] is a tree rooted at x. Any vertex at level i < r has
at least two sons; so the tree contains at least 2L(5Vv=1)/2] yertices (even at the last level). So,
v > 2LVT-1/2] which may happen only for a finite number of values of v.

Thus, for all large enough values of v, we have either f(v) < flv—1)or f(v) < flv —k+1)
for some k > /v. This easily vields f{v) = o(v). as desired. O

Now we proceed to the problem. Consider a graph on » vertices containing no two simple
cycles of the same length. Take its |sv/2] shortest eycles (or all its eyeles, if their total number
is smaller) and remove an edge from each. We get a graph of girth at least sv/2. By the lemma,
the number of edges in the obtained graph is at most v + o{v), so the number of edges in the
initial graph is at most » 4+ zv/2 4 o{v), which is smaller than (1 + £)v if v is large enough.





