2000 AMC 12 Problems

Problem 1

In the year 2001, the United States will host the International Mathematical
Olympiad. Let I, M, and O be distinct positive integers such that the
product I - M - O = 2001, wWhat is the largest possible value of the

sum I + M + 07

(A)23 (B)5 (C)99 (D)111  (E)671
Solution

Problem 2
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Solution

Problem 3

Each day, Jenny ate 20% of the jellybeans that were in her jar at the beginning of
that day. At the end of the second day, 32 remained. How many jellybeans were in

the jar originally?
(A)40 (B)50 (C)5 (D)Y60 (E)75
Solution

Problem 4

The Fibonacci sequence 1,1,2,3,5,8,13, 21, ... starts with two I's, and each term
afterwards is the sum of its two predecessors. Which one of the ten digits is the last

to appear in the units position of a number in the Fibonacci sequence?

(A)0 (B)4 (C)6 (D)7 (E)9O
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Solution

Problem 5

Iflﬂf' -2| =p, where £ < 2, thenzr —p =
(A) -2 (B)2 (C)2-2p (D)2p-2 (E)|2p-2
Solution

Problem 6

Two different prime numbers between 4 and 18 are chosen. When their sum is

subtracted from their product, which of the following numbers could be obtained?
(A)21 (B)60 (C)119 (D)180 (E) 231
Solution

Problem 7

How many positive integers b have the property that log,, 729 is a positive integer?
(A)o B)1 ()2 (D)3 (E)4
Solution
Problem 8
Figures 0, 1, 2, and 3 consist of 1, 5, 13, and 25 nonoverlapping unit squares,

respectively. If the pattern were continued, how many nonoverlapping unit squares

would there be in figure 1007

] ] ] ]
Figure Figure Figure Figure
0 1 2 3

(A) 10401  (B) 19801  (C) 20201 (D) 39801  (E) 40801
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Solution

Problem 9

Mrs. Walter gave an exam in a mathematics class of five students. She entered the
scores in random order into a spreadsheet, which recalculated the class average
after each score was entered. Mrs. Walter noticed that after each score was entered,
the average was always an integer. The scores (listed in ascending order)

were 11,76, 80, B2, 3nd 91. what was the last score Mrs. Walters entered?
(A) 71 (B) 76 (C) 80 (D) 82 (E) 91
Solution

Problem 10

The point P=(1,2, 3} is reflected in the ¥¥-plane, then its image & is
rotated 180° about the x-axis to produce R, and finally, R is translated 5 units in

the positive-¥ direction to produce 5. What are the coordinates of 57
(A) (1L7.-3)  (B) (-1,7.-3) (C) (-1.-2.8) (D) (-13.,3) (E) (1.3.3)
Solution

Problem 11

Two non-zero real numbers, a and b. satisfy ab = a — b. Which of the following is a
a b

—+ — —ab
possible value of b a 4 ?

) -2 B3 ©; ®; ©2

Solution

Problem 12

Let 4 M, and C be nonnegative integers such that A + M + C = 12, what is the
maximum valueof A- M - C+A-M+M-C+ A-C?

(A) 62 B)T™ (C)92 (D)102 (E) 112
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Solution

Problem 13

One morning each member of Angela’s family drank an 8-ounce mixture of coffee
with milk. The amounts of coffee and milk varied from cup to cup, but were never
zero. Angela drank a quarter of the total amount of milk and a sixth of the total

amount of coffee. How many people are in the family?
(A)3 (B)4 ()5 D6 (E)7
Solution

Problem 14

When the mean, median, and mode of the list
10,2.5.2.4. 2. =

are arranged in increasing order, they form a non-constant arithmetic progression.

What is the sum of all possible real values of x?
(A) 3 (B) 6 (C) 9 (D) 17 (E) 20
Solution

Problem 15

Let f be a function for which flz/3) = r* +a4 L. Find the sum of all values
of = for which f(32) =T,

4) -3 (B) -1/9 (C)o (D)5/9 (E)5/3

Solution

Problem 16

A checkerboard of 13 rows and 17 columns has a number written in each square,
beginning in the upper left corner, so that the first row is numbered L2..., 17, the
second row 18,19, ..., 34, and so on down the board. If the board is renumbered so

that the left column, top to bottom, is 1.2.... ,13, the second


http://www.artofproblemsolving.com/Wiki/index.php/2000_AMC_12_Problems/Problem_12
http://www.artofproblemsolving.com/Forum/code.php?hash=fe5dbbcea5ce7e2988b8c69bcfdfde8904aabc1f&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=40f9f5d0e180705c8c0c9673e5fb799125496179&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Wiki/index.php/2000_AMC_12_Problems/Problem_13
http://www.artofproblemsolving.com/Wiki/index.php/Mean
http://www.artofproblemsolving.com/Wiki/index.php/Median
http://www.artofproblemsolving.com/Wiki/index.php/Mode
http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=5ef5df4f2f305720217ac5f3f985a62203ec661a&type=1&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Wiki/index.php/Arithmetic_progression
http://www.artofproblemsolving.com/Forum/code.php?hash=11f6ad8ec52a2984abaafd7c3b516503785c2072&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=6842b124918c9d4fb9ec726280a4bfb483c2f36c&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Wiki/index.php/2000_AMC_12_Problems/Problem_14
http://www.artofproblemsolving.com/Forum/code.php?hash=4a0a19218e082a343a1b17e5333409af9d98f0f5&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Wiki/index.php/Function
http://www.artofproblemsolving.com/Forum/code.php?hash=7f8ab83cb4f839a46353af70fd7b5b50b26b8d27&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=395df8f7c51f007019cb30201c49e884b46b92fa&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=300e82ec201b2e658981c629680df12819b18c09&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=3e7803ab910a16d5efc6fa8f0c0d02016ca0a26c&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Wiki/index.php/2000_AMC_12_Problems/Problem_15
http://www.artofproblemsolving.com/Forum/code.php?hash=bd307a3ec329e10a2cff8fb87480823da114f8f4&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=0716d9708d321ffb6a00818614779e779925365c&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=aacb84ef026b3f1fb1d9851475804403730f265e&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=3711cd6857014436fb3e180781dbdbda6f9eae2e&sid=2502f650d82cf36dfefacc4550e26c9b
http://www.artofproblemsolving.com/Forum/code.php?hash=f64a42e33b55a102baa07c2bf65cd3a660aa0c05&sid=2502f650d82cf36dfefacc4550e26c9b

column 14:15,....26 and so on across the board, some squares have the same
numbers in both numbering systems. Find the sum of the numbers in these squares

(under either system).
(A)222 (B)333 (C)444 (D)555  (E) 666
Solution

Problem 17

A circle centered at (7 has radius 1 and contains the point 4. The
segment AB is tangent to the circle at A and £ AOB = #. If point ' lies
on OA and BC bisects ZABO, then OC =

1 cos? @ 1 sin#
2, 1 _tost v -
(A) sec®d — tan# (B) 5 (C) 1 +sing (D) 1 +sing ( }C'DSEH
Solution
Problem 18

In year N, the 300th day of the year is a Tuesday. In year IV + 1, the 200th day is
also a Tuesday. On what day of the week did the 100th day of year N — 1 occur?

(A) Thursday  (B) Friday  (C) Saturday (D) Sunday  (E) Monday
Solution

Problem 19
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In triangle ABC, AB = 13, BC = 14, AC' = 15. Let DD denote
the midpoint of B{' and let E' denote the intersection of B{" with the bisector of
angle B AC'. Which of the following is closest to the area of the triangle A} E?

(A) 2 (B) 2.5 (C) 3 (D) 3.5 (E) 4
Solution

Problem 20

If &£, ¥. and =z are positive nhumbers
1 1
r+-=4y+-=1. ;.;-|_£:
satisfying (] = and b

T
3" then what is the value of TYZ ?

(A)z/3 (B)1 (C)4/3 (D)2 (E)7/3
Solution

Problem 21

Through a point on the hypotenuse of a right triangle, lines are drawn parallel to
the legs of the triangle so that the triangle is divided into a square and two smaller
right triangles. The area of one of the two small right triangles is 2 times the area

of the square. The ratio of the area of the other small right triangle to the area of the

square is

A) s—— B)m (©l-m (D) — (B)
2m+1 4m B2

Solution

Problem 22

The graph below shows a portion of the curve defined by the

4 3 2
quartic polynomial P{-T} =" +ax” +bx” +cr+d which of the following is the

smallest?

(A) P(-1)

(B) The product of the zeros of P

(C) The product of the non-real zeros of P
(D) The sum of the coefficients of P

(E) The sum of the real zeros of P
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Solution

Problem 23

Professor Gamble buys a lottery ticket, which requires that he pick six different
integers from 1 through 46, inclusive. He chooses his numbers so that the sum of
the base-ten logarithms of his six numbers is an integer. It so happens that the
integers on the winning ticket have the same property— the sum of the base-ten
logarithms is an integer. What is the probability that Professor Gamble holds the

winning ticket?
(A)1s B)14 (C)13 (D)2 (E)1
Solution

Problem 24
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If circular arcs AC’ and BC’ have centers at B and A4, respectively, then there

exists a circle tangent to both Aﬁl‘_’f and BﬁC, and to AB. If the length of Bﬁl‘_’f is 12,
then the circumference of the circle is

(A)24 (B)2 (C)26 (D)2 (E)28

Solution

Problem 25

Eight congruent equilateral triangles, each of a different color, are used to construct
a regular octahedron. How many distinguishable ways are there to construct the
octahedron? (Two colored octahedrons are distinguishable if neither can be rotated

to look just like the other.)

(A) 210 (B)560 (C)840 (D) 1260  (E) 1680

Solution

ER:

Problem 1

The sum is the highest if two factors are the lowest.

1+ 3+ 667 =671 = | (E)

So, 1-3- 667 = 2001 and
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Problem 2

Solution
2000(2000%°°°) = (2000 )(2000%°°°) = 20002°*! =

Problem 3

Solution

4
5

Since Jenny eats 20% of her jelly beans per day, of her jelly beans remain

after one day.

Let = be the number of jelly beans in the jar originally.
4 4

—---x =32

5 5

16
ﬁﬂ'—g?

25
T = E'E’E:Eﬂ:'
Problem 4

Solution

Note that any digits other than the units digit will not affect the answer. So to make

computation quicker, we can just look at the Fibonacci sequence in mad10;
1,1,2,3,5,8,3,1,4,5,9,4,3,7,0.7,7,4,1, 5,6, ...

The last digit to appear in the units position of a number in the Fibonacci sequence

isﬁ:"

Problem 5

Solution

When & < 2,z — 2is negative so [ =2/ =2—2=p gpgx =2 —p,
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ThusE—P=2-p)—p=2-2p=(C)
Problem 6

Solution

Solution 1
Let the primes be F and 1.
The problem asks us for possible values of K where K=pg—p—gq

Using Simon's Favorite Factoring Trick:

K+l=pg—p—qg+1
K+1=(p-1)g—-1)

Possible values of (7 — 1) and (@ — 1) are:
4,6,10,12, 16

The possible values for K+1 (formed by multipling two distinct values

for (P — 1) and (g — 1)) are:

24, 40, 48, 60, 64, 72, 96, 120, 160, 192

So the possible values of K are:

23. 39,47, 59, 63, 71, 95, 119, 159, 191

The only answer choice on this list is 119 = '

Note: once we apply the factoring trick we see that, since P — landg—1are

even, K + 1 should be a multiple of 4.

These means that only 119 =+ C' and 231 = FE are possible.

We can't have (P —1) - (¢ — 1) = 232 = 2° - 29 yith p and 4 below 18.
Indeed, (p—1) - (¢ = 1) would have to be 2 - 116 or 4 - 58,

But{P_l}'{q_l}zlzﬂzzs'a‘f’could be 2-60,4-30,6-20 5-10-12. of

these, three have P and 4 prime, but only the last has them both small enough.

Therefore the answer is .
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Solution 2

All prime numbers between 4 and 18 have an odd product and an even sum. Any
odd number minus an even number is an odd number, so we can eliminate B and D.

Since the highest two prime numbers we can pick are 13 and 17, the highest
number we can make is {13}{”} - {13 + ﬂ} =221-30= 191. Thus, we can

eliminate E. Similarly, the two lowest prime numbers we can pick are 5 and 7, so the
lowest number we can make is {Ej{ﬂ - {5 + ?}' = 23. Therefore, A cannot be an

answer. So, the answer must be 7

Problem 7

Solution

1 logy, 729 = M then b = 729. Since 720 = 3% b must be 3 to some factor of 6.
Thus, there are four (3, 9, 27, 729) possible values of b = E

Problem 8

Solution

Solution 1
We have a recursion:
A, = A, 1 +4n,
I.E. we add increasing multiples of 4 each time we go up a figure.
So, to go from Figure 0 to 100, we add
4:-14+4-24...44-99+4+4-100 =4 - 5050 = 20200,
20201

Solution 2

We can divide up figure n to get the sum of the sum of the first = + 1 odd numbers
and the sum of the first m odd numbers. If you do not see this, here is the example

form = 3:
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The sum of the first m odd numbers is nz, so for figure n, there

2 2
are (n +1)° +n” 4nit squares. We plug in n = 100 to get 202()1, which is

choice

Solution 3

Using the recursion from solution 1, we see that the first differences
of 4.8.12. ... form an arithmetic progression, and consequently that the second
differences are constant and all equal to 4. Thus, the original sequence can be

generated from a quadratic function.

If f{“) = an® +bn + C, and f{ﬂ} = 1, f{l} = 5, and f{?} = 13, we get a system
of three equations in three variables:

F10) :'Dgives c=1

f(1) =5givesa+b+e=5

f(2) =13 gives 4a +2b+c =13

Plugging in ¢ = 1 into the last two equations gives

a+b=4

da 4+ 26 =12

Dividing the second equation by 2 gives the system:
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a+b=4
2Za+b==6

Subtracting the first equation from the second gives a = 2, and hence b = 2. Thus,

our quadratic function is:
fny=2n+2n+1
Calculating the answer to our problem, f{lDD) = 20000 + 200 + 1 = 2{'2{}1, which

is choice
Problem 9

Solution

Solution 1
The first number is divisible by 1.
The sum of the first two numbers is even.
The sum of the first three numbers is divisible by 3.
The sum of the first four numbers is divisible by 4.
The sum of the first five numbers is 400.

Since 400 is divisible by 4, the last score must also be divisible by 4. Therefore, the

last score is either 76 or 80.
Case 1: 76 is the last number entered.

Since 400 =76 =1 (mod 3}, the fourth number must be divisible by 3, but none

of the scores are divisible by 3.
Case 2: 80 is the last number entered.

Since 80 = 2 (mod 3}, the fourth number must be 2 (mod 3}. That number is 71

and only 71. The next number must be 91, since the sum of the first two numbers

is even. So the only arrangement of the scores 76,82, 91, 71,80 = {C‘}
Solution 2

We know the first sum of the first three numbers must be divisible by 3, so we write

out all 5 numbers {mod 3}, which gives 2,1,2,1,1, respectively. Clearly the only
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way to get a number divisible by 3 by adding three of these is by adding the three
ones. So those must go first. Now we have an odd sum, and since the next average

must be divisible by 4, 71 must be next. That leaves 80 for last, so the answer is C.

Problem 10

Solution

Step 1: Reflect in the xy plane. Replace z with its additive inverse: (1,2, _3}

Step 2: Rotate around x-axis 180 degrees. Replace y and z with their respective

additive inverses. {1, -2, 3}

Problem 11

Solution

3 | g2 T
a, b _ e —{a—b}=ﬂ -|-b_{a b}=2ab _2. (B)

b a ab a—bh (a —b) a—b
1
(a,b) = (1? —)
Alternatively, we could test simple values, like 2 , which would
b

2+ ab=2
yieldb a
Problem 12

Solution

(A+1)(M+1)(C+1)=A-M-C+A-M+M-C+A-C+A+M+C+1
—A-M-C+A-M+M-C+A-C+13

A+ +(M+1)+(C+1) . -
By AM-GM, 3 =5> (A4 1) (M +1)(C + 1);

thus (A + 1M + 1)(C +1) is maximized at 125, which occurs
when A =B=C =4,

AM-C+A-M+M-C+A-C=125 13 =112 = (E)

Alternatively, a quick AMC heuristic method would be to consider the equality case

since that often gives a maximum or minimum.
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So A =M = C = 4gives AMC + AM + AC + MC =112, and that is the

greatest answer choice, so the answer is E.

Problem 13

Solution

Let a be the total amount of coffee, b of milk, and = the number of people in the

family. Then each person drinks the same total amount of coffee and milk (8
a b
—+—-|n=a+b

ounces), so 6 4

Regrouping, we get 2a(6 —n) = 3b(n — 4) since

both €. b are positive, it follows that & — 7.7 — 4 are also positive, which is only

possible when ™ = 9 (C),
Problem 14

Solution

10+24+54+2+4+2+2 254z
=  The meanis T T

= Arranged in increasing order, the list is 2,2,2,4,5, 1'[:', so the median is
either 2‘.« 4 or r depending upon the value of .

* The mode is 2, since it appears three times.
We apply casework upon the median:
» If the medianis 2 (¥ < 2), then the arithmetic progression must be constant, which

results in a contradiction.

» Ifthe medianis 4 (¥ > 11), then the mean can either be 0,3.6 to form an arithmetic
progression. Solving for :r yields —25, —4,17 respectively, of which only 17 works.

= If the medianis (2 <r< 4), then the mean can either be 1, 5f?7 4 to form an
arithmetic progression. Solving for .r yields —14, -7.5,3 respectively, of which
only 3 works.

The answer is 3+ 17 =120 {E)

Problem 15
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Solution

£
et 77 3 then fly) = (Bu)* +3y +1 =9+ 3y +1

-1 2
Thus F(32) = T=81z> +9: —6=3(9: —2)(3z+ 1) =0 ang ° ~ 39

1
~9 (B) |

These sum up tol

Alternative solution: When we have 0 = 81z% + 9z — 6, we just use Vieta's and get

-9 1
the sum isﬁ B 9 {B}
Problem 16

Solution

Let (x, y}l denote the square in row & = 1 and column ¥ = 1. under the first
ordering this square would have a value of 1T{5’: - 1} + Y. Under the second

ordering this square would have a value of 13[14' - 1} +x
Equating, 172 =17 +y =13y — 13+ r = 16r =12y +4 — dr =3y + 1,

The pairs that fit this equation are {L 1}? {4~ 5}? {?? g}“.‘ {1{1!' 13}* {13f 1?}; their
corresponding values sum up to 1456 4 111 + 166 + 221 = 555 (D}

Problem 17

Solution

Since AR is tangent to the circle, /(D AR is a right triangle. This means

that 04 = 1, BA = tan @ and OB = secf. By the Angle Bisector
OB AB
— = — == ACsectl = OC tan #
Theorem,OC  AC We multiply both sides by cos # to

simplify the trigonometric
functions, AC' = OC sin#Since AC' + 0OC =1 1 - OC = OC'sinfl —
1

1 D
o = ——— ( }—
1 4+ sinf!. Therefore, the answer is 1 +siné .



http://www.artofproblemsolving.com/Forum/code.php?hash=008fdbe1bc53bac2242e8a6feffdb4a516ecce7f&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=2a570d92a657828075079a2fc01ca1f1c4c6ba49&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=6d1b820a9143ce035c046bdfa2c594f8e0310d85&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=238cdc35532439b15d8d526066a3791971c911ab&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=cf3b3f3439b7514957f4e2f6a38ee641ffc08077&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=a44a39fcb194747cd2bc08c29ade3e274ac96f76&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=63f0f6f9606b54bc46e4ae2c4c2780211f039005&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=d330d6e65470cb03e76e092ee47971f9e931f759&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=2925a1d735d4a82588fb43b71f35fa9fd14cfb26&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=5cda7a845ab017ec9a5c6c8f65d99b1d60ec1fa4&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=4dff5b9c22af9ec0a677f268bc654966ca7da131&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=b42a0747b8e8c6879caadc547fc3e94925092e9e&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=4864598a006ffafac80d4cbe9e9181cdee08c960&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=aa3e4f0cc2403e2e29748dc8c0f738f28f8f6912&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=5781bdce7abe3abfd8356fc0659dd746a9c009dd&sid=b2ced2b05344140c74ccf7325f471a96
http://www.artofproblemsolving.com/Forum/code.php?hash=051212af7481e7874fa2eb9a5e14cecf3fe540f1&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=c1fe1840cf78d25a9449f82f961123438756e00e&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=cf40afddd0b798ad6e264079cd064a4f45c7cb93&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=5f58469a0fb1573af9fbf90017c95ca203115fd4&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=68ba281a5a121cb19add5f0e2c4e019b52eb8c40&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Wiki/index.php/Angle_Bisector_Theorem
http://www.artofproblemsolving.com/Wiki/index.php/Angle_Bisector_Theorem
http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=ee8b14071bec4f98a252822e0b1f7f4e5dab130f&type=1&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=5274b258d51baec5512295bede28ab4d44bc60b7&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=f76bf07d89995bc129de33da433fcf4c0b9818e0&type=1&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=0c78c07a6edecca444404eecb3f2dd8dc2ac1285&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=ca298c2ba026c014cc6e80998147e95932d9e17f&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=aac22975ebcd6300cea39416585df9c1521bc1ae&sid=cf438b4b75d60ad5d5bc65a3871f51c1
http://www.artofproblemsolving.com/Forum/code.php?hash=336e23a4a5e55ed721edfd4ad231c71ed9e2c17f&sid=cf438b4b75d60ad5d5bc65a3871f51c1

Problem 18

Solution

There are either 63 + 200 = 265 or 66 4 200 = 266 days between the first two
dates depending upon whether or not year ¥ is a leap year. Since Tdivides into 266,
then it is possible for both dates to be Tuesday; hence year I is a leap year

and N — lis not a leap year. There are 265 + 300 = 565days between the date in
years N.N— 1 which leaves a remainder of 5 upon division by 7. Since we are

subtracting days, we count 5 days before Tuesday, which gives us Thursday {A)

Problem 19

Solution

1 __ 15 — BE =6.5
By the Angle Bisector Theorem, BE 14 — BE ~ 7. Since BD =T,

then DE = (1.5,

By Heron's Formula, [ABC] V2 {T}{S 8‘4, so the height

2-84
of AABC from Ais 14 7. Notice that the heights

(ADE) = 1 >(12)(05) =3 (C)

of MABC and /A Eare the same, so

Problem 20

Solution

Solution 1

Multiplying all three expressions together,

1 1 1 1 1 1 1

Yy = rys
7 7 1
(4)(1) (E) =4+1+ 3 +ryz + e
2 =zyz+ L
Ty

0= (ryz — 1)
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Solution 2

We have a system of three equations and three variables, so we can apply repeated

substitution.

1 1 Tr—3
T=rt+ ———— =1+
1—2 1_:';3—1,#:

1
d=x4+-—=2+
Y

Multiplying out the denominator and simplification

yields 44z —3) = z(dx —3) + T —3 = (20— 3)* =0 5 * ~
2 5
= —. L =

Substituting leads to Y 5

Problem 21

3
2
E, and the product of these three variables is 1.

Solution

T

2m

Without loss of generality let a side of the square be 1. Simple angle chasing shows

that the two right triangles are similar. Thus the ratio of the sides of the triangles

1 h

— - h_ —_ -

are the same. Since 2 2, the height of the triangle with area m is 2m.
2m 1 1

Therefore 1 I where x is the base of the other triangle. 2m, and the

1 1 1

~.1.—=— (D)
area of that triangle is 2 2m  4m )

Problem 22
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Solution

Note that there are 3 maxima/minima. Hence we know that the rest of the graph is

greater than 10. We approximate each of the above expressions:

1. According to the graph, P{_lj >4
2. The product of the roots is d by Vieta’s formulas. Also, d= P{{]} > 5 according to
the graph.

3. The product of the real roots is = 3, and the total product is << & (from above), so
6

the product of the non-real roots is .
4. The sum of the coefficients is P{lj > 1.5

5. The sum of the real roots is = .

Clearly {C) is the smallest.

Problem 23

Solution

The product of the numbers have to be a power of 10 in order to have an integer
base ten logarithm. Thus all of the numbers must be in the form 2™5™. Listing out
such numbers from 1to 46, we find 1. 2.4, 5, 8,10, 16, 20, 25, 32, 40 are the only
such numbers. Immediately it should be noticed that there are a larger number of
powers of 2 than of 5. Since a number in the form of 10F must have the same
number of 2s and Ds in its factorization, we require larger powers of  of those of 2.
To see this, for each number subtract the power of o from the power of 2. This
yields 0,1,2,-1.3,0.4,1,-2,5, ?, and indeed the only non-positive terms

are 0.0, =1, =2 gjnce there are only two zeros, the largest number that Professor

Gamble could have picked would be 2.

Thus Gamble picks numbers which fit =2 + =1+ 040 41 + 2, with the first four
having already been determined to be {25? 9,1, 1'[]}_ The choices for
the linclude {Ev Zﬂ} and the choices for the 2 include {4'- 4{]} Together these give

four possible tickets, which makes Professor Gamble’s probability 1/4 (B]

Problem 24
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Solution

Since AB, BC, AC are all radii, it follows that /A ABC is an equilateral triangle.

Draw the circle with center A and radius AE. Then let I} be the point of tangency
of the two circles, and E' be the intersection of the smaller circle and. AL}, Let F be
the intersection of the smaller circle and AE. Also define the

DFE

11 =AB.13 = —— . . . .
radii ' 2 (note that DE is a diameter of the smaller circle, as IJ is

the point of tangency of both circles, the radii of a circle is perpendicular to the

tangent, hence the two centers of the circle are collinear with each other and I}).

By the Power of a Point

2
AF? = AE . AD — (%) — (AD — 2rg) - AD.
2
U 3rq
Since A = r1, then 4 rilrs r2) 2 8 . Since ABC is
- 60 36
BO=12 = —2; = —
equilateral, £ BAC = 60° and so 360N T

27

Ty = —
Thus 2 2w and the circumference of the circle is 27 {D}

Problem 25

Theorem,

Solution

We consider the dual of the octahedron, the cube; a cube can be inscribed in an

octahedron with each of its vertices at a face of the octahedron. So the problem is

equivalent to finding the number of ways to color the vertices of a cube.
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Select any vertex and call it A; there are & color choices for this vertex, but this
vertex can be rotated to any of 8 locations. After fixing A, we pick another

vertex B adjacent to 4. There are seven color choices for E, but there are only
three locations to which B can be rotated to (since there are three edges from A).
The remaining six vertices can be coloreé:l inTany way and their locations are now

_ —-—-6! =1680 = (E)
fixed. Thus the total number of ways is 8 3 .

Though the cube may be easier to think about, the octahedron can be directly
considered. Since the octahedron is indistinguishable by rotations, without loss of

generality fix a face to be red.

There are 7! ways to arrange the remaining seven colors, but there still are three

possible rotations about the fixed face, so the answer is T3 = 1680

%%. EABCC CECCE EECEB DDABB DCBDE
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2001 AMC 12 Problems

Problem 1

The sum of two numbers is . Suppose 3 is added to each number and then each of

the resulting numbers is doubled. What is the sum of the final two numbers?

(A)2S+3 (B)3S+2 (C)35+4+6 (D)25+46 (E)25+412
Solution

Problem 2

Let P{’”-) and 5{”) denote the product and the sum, respectively, of the digits of
the integer n. For example, P{E?’} =6 and 5{23} =9, Suppose N is a two-digit
number such that ¥ = F{N} + S{N). What is the units digit of \?

(A)2 (B)3 (C)6 (D)8 (E)9
Solution

Problem 3

The state income tax where Kristin lives is levied at the rate of P% of the first
$28000 of annual income plus (p +2)% of any amount above $28000, Kristin
noticed that the state income tax she paid amounted to {P + 0. 25)% of her annual

income. What was her annual income?

(A)$528000  (B)$432000  (C)$435000  (D)$442000  (E)S¢56000
Solution

Problem 4

The mean of three numbers is 10 more than the least of the numbers and 15 less

than the greatest. The median of the three numbers is 5. What is their sum?
(A)5 (B)20 ()25 (D)30 (E)36

Solution
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Problem 5

What is the product of all positive odd integers less than 10000?

(4) 10000! 100001 99991 10000! 2000!

- 12 {B) 5000 { :) S000 { ) 2000 | 5-| H H H { ) EEDD{]
(50001!) 2 2 2 :
Solution

Problem 6

A telephone number has the form ABC-DEF-GHLJ], where each letter represents
a different digit. The digits in each part of the number are in decreasing order; that
is, A==B>C, D>FE=>=F,and G > H =TI > .J. Furthermore, I, F,

and F are consecutive even digits; &, H, I, and J are consecutive odd digits;
and A+ B+ C =19, Find A.

(A)4 (B)5 ()6 D)7 (E)8
Solution

Problem 7

A charity sells 140 benefit tickets for a total of $2001, Some tickets sell for full price
(a whole dollar amount), and the rest sells for half price. How much money is raised

by the full-price tickets?

Solution

Problem 8

Which of the cones listed below can be formed from a 252° sector of a circle of

radius 10 by aligning the two straight sides?
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A) A cone with slant height of 10 and radius 6

)
B) A cone with height of 10 and radius 6

(
(
(C) A cone with slant height of 10 and radius 7
(D) A cone with height of 10 and radius 7

(

E) A cone with slant height of 10 and radius 8

Solution
Problem 9
) = 4
Let f be a function satisfying Y for all positive real numbers x and Y.
1f (500) = 3 \what is the value of f(600)
W1 ®2 ©F O3 @®%
Solution
Problem 10

The plane is tiled by congruent squares and congruent pentagons as indicated. The

percent of the plane that is enclosed by the pentagons is closest to

(A) 50 (B) 52 (C) 54 (D) 56 (E) 58

fiapsets
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Solution

Problem 11

A box contains exactly five chips, three red and two white. Chips are randomly
removed one at a time without replacement until all the red chips are drawn or all

the white chips are drawn. What is the probability that the last chip drawn is white?

Ws ®: ©3 O ®f

Solution

Problem 12

How many positive integers not exceeding 2001 are multiple of 3 or 4 but not 5?
(A) 768 (B) 801 (C) 934 (D) 1067 (E) 1167
Solution

Problem 13

2
The parabola with equation ¥ = ax” + br + ¢ and vertex (h.k) is reflected about

: 2
the line ¥ = K. This results in the parabola with equation ¥ = dx”~ + ex + f_ which
of the following equals @ + b+e+d+e+ fr

(A)2b (B)2c (C)2a+2b (D)2h (E)2k
Solution

Problem 14

Given the nine-sided regular polygon A1 A2 Az A4 A5 Ag Ar Ag Ag, how many distinct

equilateral triangles in the plane of the polygon have at least two vertices in the
set {Alq Azq aaa .Ag}‘?

(A) 30 (B) 36 (C) 63 (D) 66 (E) 72
Solution

Problem 15
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An insect lives on the surface of a regular tetrahedron with edges of length 1. It
wishes to travel on the surface of the tetrahedron from the midpoint of one edge to
the midpoint of the opposite edge. What is the length of the shortest such trip?

(Note: Two edges of a tetrahedron are opposite if they have no common endpoint.)

W3v3 ®1 ©VE D)3 (B2

Solution

Problem 16

A spider has one sock and one shoe for each of its eight legs. In how many different
orders can the spider put on its socks and shoes, assuming that, on each leg, the

sock must be put on before the shoe?

(A)8  (B)2*.8  (C) (81)? {D}IE% (E) 16!

Solution

Problem 17

A point F is selected at random from the interior of the pentagon with
vertices 4= (0,2), B = (4,0) C = (27 +1,0), D = (27 +1,4) 3nq E = (0.4)

What is the probability that # AP B is obtuse?

1 1 5 3 1
(A) 5 (B) 1 (C) T (D) 3 (E) 2
Solution
Problem 18

A circle centered at A with a radius of 1 and a circle centered at B with a radius of
4 are externally tangent. A third circle is tangent to the first two and to one of their

common external tangents as shown. The radius of the third circle is


http://www.artofproblemsolving.com/Forum/code.php?hash=59d844e49c5f417e29f573d883473bf7cd66ba4e&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Wiki/index.php/2001_AMC_12_Problems/Problem_15
http://www.artofproblemsolving.com/Forum/code.php?hash=dca6e26c8e85cb421a1cc61634284c4968655d3e&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Wiki/index.php/2001_AMC_12_Problems/Problem_16
http://www.artofproblemsolving.com/Forum/code.php?hash=511993d3c99719e38a6779073019dacd7178ddb9&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=32e65b676eb021e1620d3f9e07bf8cf9d79f0756&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=573e5d54a39615a6110abb4ffc7da1c3ca0ed723&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=bf3e4cd5093a1f1767e2d9799fd5270a4df10ddc&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=cf8238a455e2c3ae378838fa870c7e75c0ec0581&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=216d2bd53e3f04ca07997500d709b4a4e23ea038&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=fe2450eddc996743ebc80a96289dffe96b07c03e&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=2b00b7db1fd26f7bf5727ccf58033ea713d845e3&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Wiki/index.php/2001_AMC_12_Problems/Problem_17
http://www.artofproblemsolving.com/Forum/code.php?hash=6dcd4ce23d88e2ee9568ba546c007c63d9131c1b&sid=80d2a55bb7aa80057996b8763c0ac7fa
http://www.artofproblemsolving.com/Forum/code.php?hash=ae4f281df5a5d0ff3cad6371f76d5c29b6d953ec&sid=80d2a55bb7aa80057996b8763c0ac7fa

LT S

Solution

Problem 19

3 2
The polynomial F{I} =" + ar” +br + ¢ has the property that the mean of its

zeros, the product of its zeros, and the sum of its coefficients are all equal. If

the Y-intercept of the graph of ¥ = P(z) is 2, what is b?
(A) —11 B) 10 (C) -9 (D)1 (E)5
Solution

Problem 20

Points A= (3, 9), B =1, 1], C = (5, 3), and D= {H?b} lie in the first quadrant

and are the vertices of quadrilateral AB I}, The quadrilateral formed by joining

the midpoints of AB, B, C'1}, and I} A4 is a square. What is the sum of the

coordinates of point IJ?
(A7 (B)9 (C)ywo (D)12 (E) 16
Solution

Problem 21
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Four positive integers a, b, ¢, and d have a product of 8! and satisfy:

ab+a-+ b =524
be + b+ ¢ =146
cd+c+d=104

What is @ — d?
(A)4 (B)6 (C)8 (D)1o (E) 12
Solution

Problem 22

In rectangle ABC I}, points F and & lie on AB so
that AF = FG = GB and E is the midpoint of DC..
Also, AC intersects EF at H and EG at.J. The area of the
rectangle ABC' D is T0. Find the area of triangle £ H.J.
) 35 7 35
A) = B) — - D) = E) —
@Ws ®Z ©3 Oz B3

Solution

Problem 23

A polynomial of degree four with leading coefficient 1 and integer coefficients has
two zeros, both of which are integers. Which of the following can also be a zero of
the polynomial?

VL gt gl ol @

1+ /13

2

Solution

Problem 24

In AABC, ZABC =45°, point D is on BC so
that 2- BD = CD and ZDAB = 15°, Find ZACB.

(A) 54° (B) 60° (C) 72° (D) 75° (E) 90°

Solution
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Problem 25

Consider sequences of positive real numbers of the form s 2000, . - - - in which
every term after the first is 1 less than the product of its two immediate neighbors.
For how many different values of i does the term 2001 appear somewhere in the

sequence?

(A)1 (B)2 (C)3 (D)4  (E) more than 4

BER:
Problem 1

Solution

Suppose the two numbers are a and b, with @ + b = S, Then the desired sum
is 2a + 3) + 2(b + 3} = 2(a + b} +12 =25 + 1?, which is answer {E)

Problem 2

Solution

Denote a and b as the tens and units digit of V, respectively. Then N = 10a + b,
It follows that 10a + b= ab + a + b, which implies that 9a = ab.

Since @ # {], b = 0. So the answer is {E}

Problem 3

Solution

Let the income amount be denoted by A.
A(p +.25)  28000p n (p + 2)(A — 28000)
We know that 100 100 100

We can now try to solve for A:

(p +.25)A = 28000p + Ap + 24 — 28000p — 56000

254 = 24 — 56000
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A = 32000

So the answer is IEI

Problem 4

Solution

Let m2 be the mean of the three numbers. Then the least of the numbers
is m — 10 and the greatest is 1 + 15. The middle of the three numbers is the

l{fn—lﬂ}-I—S-l—{m-l—lﬁ}] =m

median, 5. So 3 , which implies that m = 1().

Hence, the sum of the three numbers is 3{1{}} = 3{}, and the answer is {D)

Problem 5
Solution
1-2-3-4---10000 10000! 10000!
1-3-5---9999 = 2.4-6---10000  26000.1.2.3...5000  25000.5000!
(D)
Problem 6

Solution

The last four digits GHLJ are either 9753 or 7531, and the other odd digit (1 or 9)
must be 4, B, or C. Since A+ B+ C =19, that digit must be 1. Thus the sum of
the two even digits in ABC is 8, DEF must be 864, 642, or 420, which respectively
leave the pairs 2 and 0, 8 and 0, or 8 and 6, as the two even digits in ABC.

Only 8 and 0 has sum 8, so ABC js 810, and the required first digit is 8, so the

answer is {E)

Problem 7
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Solution

Let's multiply ticket costs by 2, then the half price becomes an integer, and the

charity sold 140 tickets worth a total of 4002 dollars.

Let h be the number of half price tickets, we then have 140 — h full price tickets.
The cost of 140 — h full price tickets is equal to the cost of 280 — 2hhalf price
tickets.

Hence we know that 7t + (280 — 2h) = 280 — h half price tickets cost 4002 dollars.
4002

Then a single half price ticket costs 280 — k dollars, and this must be an integer.
Thus 280 — h must be a divisor of 4002. Keeping in mind that 0 < h < 140 we are

looking for a divisor between 140 and 280, inclusive.

The prime factorization of 4002 is 4002 =2 - 3 - 23 - 29. We can easily find out that
the only divisor of 4002 within the given range is 2 -3 - 29 = 174,

This gives us 280 — h = 174, hence there were i = 106 half price tickets

and 140 — h = 34 full price tickets.

In our modified setting (with prices multiplied by 2) the price of a half price ticket
4002

is 174 7. In the original setting this is the price of a full price ticket.

Hence 23-34 = dollars are raised by the full price tickets.

Problem 8

Solution

The blue lines will be joined together to form a single blue line on the surface of the

cone, hence will be the slant hc:lght of the cone.
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The red line will form the circumference of the base. We can compute its length and

use it to determine the radius.

252
— - 2710 = 147
The length of the red line is 360 . This is the circumference of a circle

with radius .

Therefore the correct answer is .

Problem 9

Solution

6, 3
500 - ) = =
f60-5) = 5

5

N §, so the answer is .
Problem 10

Solution

Consider any single tile:

If the side of the small square is @, then the area of the tile is 9.:12, with 4a? covered
by squares and Ba’ by pentagons. Hence exactly /9 of any tile are covered by

pentagons, and therefore pentagons cover 2/9 of the plane. When expressed as a

percentage, this is 55.5%, and the closest integer to this value is 56. IEI

Problem 11
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Solution

Imagine that we draw all the chips in random order, i.e., we do not stop when the
last chip of a color is drawn. To draw out all the white chips first, the last chip left
must be red, and all previous chips can be drawn in any order. Since there are 3 red

chips, the probability that the last chip of the five is red (and so also the probability

3
that the last chip drawn in white) is D .
Problem 12
Solution

Out of the numbers 1 to 12 four are divisible by 3 and three by 4, counting 12 twice.

Hence 6 out of these 12 numbers are multiples of 3 or 4.

The same is obviously true for the numbers 12k + 1 to 12k + 12 for any positive

integer k.

Hence out of the numbers 1 to 60 = 5 - 12 there are 5 - 6 = 30 numbers that are
divisible by 3 or 4. Out of these 30, the numbers 15, 20, 30, 40, 45 and 60 are
divisible by 9. Therefore in the set {1,...,60} there are

precisely 30 — 6 = 24 numbers that satisfy all criteria from the problem statement.
Again, the same is obviously true for the set {ﬁﬂk +1,...,60k + ﬂﬂ} for any
positive integer k.

We have 1980/60 = 33 hence there are 24 - 33 = 792 good numbers among the
numbers 1 to 1980. At this point we already know that the only answer that is still

(B)

possible is , as we only have 20 numbers left.

By examining the remaining 20 by hand we can easily find out that exactly 9 of

them match all the criteria, giving us 792 +9 = good numbers.

Problem 13
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Solution

We write P{T) as ﬂ{x - h]'z +k (this is possible for any parabola). Then the
reflection of P(*) is a(x) = —alz — h)®* + & Then we find P(¥) + qlz) = 2k
Since p{lj =a+b+e and q{l) =d+ﬂ+f, we

haveﬂ+b+f3+d+ﬁ+f:2k, so the answer is E

Problem 14

Solution

9

= 36
Each of the (2) pairs of vertices determines two equilateral triangles, one on

each side of the segment. This would give us 72 triangles. However, note that there
are three equilateral triangles that have all three vertices among the vertices of the
polygon. These are the triangles A1 A4 A7 A2 As As, and A3 As Ao, We counted

each of these three times (once for each side). Hence we overcounted by 6, and the

correct number of equilateral triangles is 2-6= .

Problem 15

Solution

Given any path on the surface, we can unfold the surface into a plane to get a path
of the same length in the plane. Consider the net of a tetrahedron in the picture
below. A pair of opposite points is marked by dots. It is obvious that in the plane the

shortest path is just a segment that connects these two points. Its length is the

same as the length of the tetrahedron's edge, i.e. .
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Problem 16

Solution

Solution 1

Let the spider try to put on all 16 things in a random order. Each of

the 16! permutations is equally probable. For any fixed leg, the probability that he
1

will first put on the sock and only then the shoe is clearly 2. Then the probability that

1
he will correctly put things on all legs is 98 Therefore the number of correct
16!
. 95
permutations must be .
Solution 2

Each dressing sequence can be uniquely described by a sequence containing two 1s,
two 2s, ..., and two 8s -- the first occurrence of number x means that the spider
puts the sock onto leg i, the second occurrence of .r means he puts the shoe onto

leg x. If the numbers were all unique, the answer would be 16!. However, since 8

161 | 16!
terms appear twice, the answer is {2!}3 28 .
Problem 17

Solution

The angle AFPE is obtuse if and only if P lies inside the circle with diameter AE.
(This follows for example from the fact that the inscribed angle is half of the central

angle for the same arc.)
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'

AF-FB _
2 ~ 7, and the area

[AFB] =

The area of AF B is
of ABCDE is CD - DE — [AFB] =4- (27 +1) — 4 =87

From the Pythagorean theorem the length of AF is ¥ 22+ 42 = 2‘/5, thus the

radius of the circle is ‘-./E, and the area of the half-circle that is
B

inside ABCDE is 2 .

oI5
Loy

T 16

o0

Therefore the probability that AF E is obtuse is . Answer choice {D}

Problem 18
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Solution

Solution 1

In the triangle ABC we have AB=1+4+4=5and BC =4 —1 = 3, thus by

the Pythagorean theorem we have A = 4,

We can now pick a coordinate system where the common tangent is the x axis

and A lies on the ¥ axis. In this coordinate system we
have 4 = {[L 1}'and B = {‘L 4}.

Let r be the radius of the small circle, and let s be the x-coordinate of its center 5.
We then know that S = {Sf T}, as the circle is tangent to the x axis. Moreover, the

small circle is tangent to both other circles, hence we
have SA=14rand SB=4+r.

We have S4 = v/s* + (1 - r)? and 9B = \/{4 —s)t+(4- ’"}2. Hence we get

the following two equations:

sSS+H1-rP=(1+r)?
(4— 5}24-{4— 1"]I2 = {4—|—r}l2
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Simplifying both, we get

(4—s)? = 16r

As in our case both r and s are positive, we can divide the second one by the first
2
4—s
( N 4
onetoget ™ % .

=2
Now there are two possibilities: either & ,0or & . In the first case

clearly s <2 0, hence this is not the correct case. (Note: This case corresponds to the

other circle that is tangent to both given circles and the x axis - a large circle whose

4

5 =
center is somewhere to the left of A.) The second case solves to 3. We then

, 16 rzg_

r=3s
have 9, hence

Solution 2

The horizontal line is the equivalent of a circle of curvature 0, thus we can

apply Descartes' Circle Formula.

1 1
0.1, - -
The four circles have curvatures 4, and r.
1 1 1 1
2 R R T L 4o
Wehaveg{ﬂ +1 +42 +r2)_{ﬂ+1+4+r}
3 2 23 D 1
Simplifying, we get 16 + r2 16 + 2 + r2
1 ) 9
7z o T
6 0,40
T ™
4 4
(--9(--1)=0
4
r=|-
Obviously r cannot equal 4, therefore 9 .

Problem 19
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Solution

We are given ¢ = 2. So the product of the roots is —¢ = —2 by Vieta's formulas.
—a —a
These also tell us that 3 is the average of the zeros, so 3 .

We are also given that the sum of the coefficients is —2,

sol+6+b+2=-2 = b= —11, So the answer is A.

Problem 20

Solution

B

We already know two vertices of the
square: A+ B}f? = (2, 5} and (B+C)/2=(3, 2}.

There are only two possibilities for the other vertices of the square: either they
are {5'~ 3) and {5~ E"), or they are {"l 1) and {—114). The second case would give

us I} outside the first quadrant, hence the first case is the correct one. As {E'~ 3}' is

the midpoint of €'}, we can compute D=7, 3), and 1 +3= .

Problem 21

Solution

We can rewrite the three equations as follows:
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(a+1)(b+1) =525
(b+1)(e + 1) =147
(e+1)(d+1) =105

Let (e, f. g h} =(a+1b+1le+ 1?d+1). We get:

ef =3-5-5-T7
fo=3-7-7
gh=3-5-7

Clearly 72 divides f9. On the other hand, 72 can not divide f, as it then would
divide €. Similarly, 72 can not divide 9. Hence T divides both f and 9. This leaves
us with only two cases: '[f? Q} = (T'.- 21) and {f'.' 9) = {21? 7}.

The first case solves to (€ f+9: h) = (75,7, 21, 5}, which gives
us (@, b.c. d) = (74,6, 20, 4), but then abed # 8! (we do not need to multiply, it is

enough to note e.g. that the left hand side is not divisible by T.)

The second case solves to (e; fog.h) = (25,21, 7, 15}, which gives us a valid
quadruple {'ﬂ? b,{f? d] = {2"11. E'D-_. E', 14}, and we have a—d=24—-14 = .

Problem 22
Solution

D E '

Y
-,
Y
A \ J
H

A F {7 B

Solution 1

Note that the triangles AF H and C"EH are similar, as they have the same angles.
AH AF 2

Hence HC - EC - 3.


http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=8dfdb148515b813194bea8f06138b3348329f2b3&type=1&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=04e753e0ec497e50616f75a3c75e9f461e753020&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=570f913d0eea6b89c4fe7f04d6836f1f49239488&type=1&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=dbdfea1ed4111146bdf60efe04edc797d09f3662&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=72f77e84ba0149b2af1051f1318128dccf60ab60&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=dbdfea1ed4111146bdf60efe04edc797d09f3662&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=4a0a19218e082a343a1b17e5333409af9d98f0f5&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=f822051471957b7bbebb8ab088fe9bd6d14f4261&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=dbdfea1ed4111146bdf60efe04edc797d09f3662&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=54fd1711209fb1c0781092374132c66e79e2241b&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=902ba3cda1883801594b6e1b452790cc53948fda&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=4a0a19218e082a343a1b17e5333409af9d98f0f5&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=54fd1711209fb1c0781092374132c66e79e2241b&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=f9a1aabcdf18e80beabc4eeca11d3bbb878a7551&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=003dc7f57b9a76df195c051f202bfb92c92b93e6&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=ce17cf0595fbb885ac6a41c371cd82e4b3251c58&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=30d575d392a920191f206e9bc9702f3dc00fce30&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=f2edbe5875b53a81976f04154c8f1f0899d08bd7&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=902ba3cda1883801594b6e1b452790cc53948fda&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=80aec4bb098a51fcb2b21e8d651727db1eece79c&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=a257c8b01c2cc55917a0347e0aca2a9c45a0b13a&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=72628a26d8d5ac26d0ac6009e5989f41546eee4a&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c5cb3bb1ea39e72f86fa73543032ea4db85c21c0&type=2&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c7428bfd13f302fe9b540df24bbfdc143b06d36b&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=cce92a2c998fa5de2061e1f5f50595e56f3762d2&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=ea678a5a10006e207f462d9d00e1e597d36ac2cc&sid=c91560c1ff7f78933a44262c72cfb1f0

Al AG 4

Also, triangles AG.J and C'E.J are similar, hence JC ~ EC ~ 3.

We can now compute [EHJ] as [ACD] - [AHD] - [DEH] - [EJC]. We have:

. lacp] = 4BCD]_

. [AHD] is 2/2 of [ACD], as these two triangles have the same base AI},
and AH is 2/9 of AL, therefore also the height from H onto A} is 2/ of the
height from C'. Hence [AHD] =14

. [HED] is 3/10 o¢ [ACD], as the base ED is 1/2 of the base (1), and the height

35

21
from H is 3/5 of the height from A. Hence [HED] = 2.
15
. [JEC] is 3};14 of [ACD] for similar reasons, hence [JEC] N E
Therefore
21 1
[EHJ| = |ACD)] ~ [AHD] ~ |DEH) ~ [EJC) = 35 — 14~ = - ; -[3]

Solution 2

As in the previous solution, we note the similar triangles and prove that H is

in 2/9 and .J in 4/7 of AC.

4 2 6
HJ—AC-’-(?—E)—AC-’-E'

We can then compute that

As F' is the midpoint of {'I2, the height from FE onto A" is 1/2 of the height

6 1 3
[EHJ]_E-E-[ACD]_E-%__

from I onto AC'. Therefore we have

Problem 23

Solution

Let the polynomial be F and let the two integer zeros be #1 and 2. We can then

write P{T) = (z— 31){-'1-' - 32}{3—”2 +ar + b} for some integers a and b.

If a complex number ¥ + 4 with ¢ # 0'is a root of P, it must be the root
of z° +ax + b, and the other root of 7° 4 az + b must be P — i,


http://www.artofproblemsolving.com/Forum/code.php?hash=647b075c06f4e1be7c5fbe55d1b4e261f1a3e059&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c0a1870b4565ac34af1b045f7b036e7901e321a4&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=d46574ce113b74f9d1c1dfefb31eb9cdfc820bc0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=014c53c7f87a95398942ad81ed913a2649ac4cef&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=3ae687e953da2f5910fbbda39c53ecc553c9c53e&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=40b4ada67f0dd1a3938ca9fc400ac16207f765b2&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=0ff1dd29795ef08043342a3963b58fd53a15c45b&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=cb347a0ce208d753df48aa9fbc31e2712ad0d091&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=10aa105ae90ba35b932470fedc994e50be108ddc&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=6d95c1847219c633950f8f1ceca9761315abfc19&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=bd4b01946d29a04b84f9d1306289b7687d01b8c2&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=cb347a0ce208d753df48aa9fbc31e2712ad0d091&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b1fb3bec6fdb22e19a94fe4c6c4481ccba2ee9f0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=7cf184f4c67ad58283ecb19349720b0cae756829&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=6d95c1847219c633950f8f1ceca9761315abfc19&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=cb347a0ce208d753df48aa9fbc31e2712ad0d091&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=32096c2e0eff33d844ee6d675407ace18289357d&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=edcf331c2a0201b8fc6ac9012184c5d2f92556b2&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=2b3d4c3486dbb8da0bbb21a1be0d152cdf28ffe0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=f3b0da4ed7e2a74edfca9edb78aa11088a43549f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=10aa105ae90ba35b932470fedc994e50be108ddc&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=5fbc6add7068213ed3e627ffd2e1fcc92e6c0ef5&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=ee2caa07b76d9053386202d6a9c27c949c65c58f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=07306c8e3c85378f3f7ab169c6863cdf220910c0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=7cf184f4c67ad58283ecb19349720b0cae756829&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c615f89cc21ee5dff7816fcb11fc0b09a928852e&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=6dcd4ce23d88e2ee9568ba546c007c63d9131c1b&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c02574bec01ebdd8a51e84c57c09ad5a46a1cf58&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=72b156836ef146cc2357a15ac156dfd0af4e6f4f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=a52e607802fc75c59bcdbba08836ba4c710dd122&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=10aa105ae90ba35b932470fedc994e50be108ddc&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=a354eac4c29b97d644d020b287899774165d2a37&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=c37dfdc2d3d2501c628ff384d77367fbf71ece9a&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=7cf184f4c67ad58283ecb19349720b0cae756829&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=cb347a0ce208d753df48aa9fbc31e2712ad0d091&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=58668e7669fd564d99db5d581fcdb6a5618440b5&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b38c162382315391f47e62961d900aba9b5b3fec&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b1fb3bec6fdb22e19a94fe4c6c4481ccba2ee9f0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=30597bd43a7b46145c70bcd8cc48198c636b12a1&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e0184adedf913b076626646d3f52c3b49c39ad6d&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=07306c8e3c85378f3f7ab169c6863cdf220910c0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e0184adedf913b076626646d3f52c3b49c39ad6d&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b1fb3bec6fdb22e19a94fe4c6c4481ccba2ee9f0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=ee2caa07b76d9053386202d6a9c27c949c65c58f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=50c9e8d5fc98727b4bbc93cf5d64a68db647f04f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b1fb3bec6fdb22e19a94fe4c6c4481ccba2ee9f0&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=d52d29aab5ae306b9a7a5dcd6491588029e241ec&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=511993d3c99719e38a6779073019dacd7178ddb9&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e454a1a44b86318c4927590ae2179eb450c5eb14&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=71f0e21bc266b9df576c4de576a5c1224f52f613&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=9945e250d6880246906ebcbbfb78992c3aee1741&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=86f7e437faa5a7fce15d1ddcb9eaeaea377667b8&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e9d71f5ee7c92d6dc9e92ffdad17b8bd49418f98&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=eb88adfa7d614c5e9951400a359d03f1c8837f03&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e7b7218dff4cda7cfd4d1e985f2ca790f6880fed&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=511993d3c99719e38a6779073019dacd7178ddb9&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=2c54f3a15797c1ce924b3c8f87f7f06efa417161&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=2c54f3a15797c1ce924b3c8f87f7f06efa417161&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=72f6d68747ad4c7ca66faf904a5b0f131b9cf440&sid=c91560c1ff7f78933a44262c72cfb1f0

We can then
write

2’ far+b=(z—p—qi)le —p+qi) = (= —p) — (i)’ =2° - 2pr + p* +¢*

We can now examine each of the five given complex numbers, and find the one for

1411
which the values —2P and P2 + t}'z are integers. This is 2 , for which we
1
—p=—2.-=-1

have P 2 and

2

1\? (V11 1 11 12
2 2 — _— —_— = - _—= — =
PJ“I_(E) +(2) iT3-71°3
(As an example, the polynomial x? — 2% 4+ 42% — 37 has zeroes 0,1,
1+iy11

and 2 .)
Problem 24

Solution

A

We start with the observation that ZAD B = 180° — 15° — 45° = 120°,
and ZADC = 15° + 45° = 60°,

We can draw the height C'E from ' onto Af}. In the triangle C'E 1), we
ED 1

R T ﬂ:_
have CD cos EDC' = cos 60 2. Hence D = CD/2,


http://www.artofproblemsolving.com/Forum/code.php?hash=ac9c1cb6c85e10d587c827eca695da11fb2db350&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=ac9c1cb6c85e10d587c827eca695da11fb2db350&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=2a36c1e8c4c3d7c0bb74d47c2a226dd7c1b8fd3f&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=e7345585a500afd241e9ee504a430435ea75b660&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=1fefa84062357307bee6b12ea70faced9ab40ce7&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=00c5d7651553450f8d321ceff1b3efeefe2bb6cf&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b420b922aac2285f5c42ac38b6f166eb2a53b0cd&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=42a1855270efb18c53c380784b0be0f696a4ea80&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b6589fc6ab0dc82cf12099d1c2d40ab994e8410c&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=356a192b7913b04c54574d18c28d46e6395428ab&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=74c3624dc88a0b4d30c360b2be9154d2e1193bd7&sid=c91560c1ff7f78933a44262c72cfb1f0
http://www.artofproblemsolving.com/Forum/code.php?hash=b383b0c2c4b5453ca387bb00582e60951f30ad49&type=2&sid=8877ed9c80d56da35203b5fd960030e3
http://www.artofproblemsolving.com/Forum/code.php?hash=6b539f3856e521c1d6146ce8af100914c213675b&sid=8877ed9c80d56da35203b5fd960030e3
http://www.artofproblemsolving.com/Forum/code.php?hash=b8d200aca52fc8b0f9bd245eded252611092f294&sid=8877ed9c80d56da35203b5fd960030e3
http://www.artofproblemsolving.com/Forum/code.php?hash=b77da9422330fead9ab9ec32fbbd59bb9d5fc19a&sid=8877ed9c80d56da35203b5fd960030e3
http://www.artofproblemsolving.com/Forum/code.php?hash=32096c2e0eff33d844ee6d675407ace18289357d&sid=8877ed9c80d56da35203b5fd960030e3
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By the definition of IJ, we also have BD = GD;E, therefore B0 = DE. This
means that the triangle BD E is isosceles, and as £BDE = 120°, we must
have £/ BED = /EBD = 30°.

Then we compute £ZABE = 45° — 30° = 15°, thus ZABE = ZBAE and the
triangle AB E is isosceles as well. Hence AE = BE.

Now we can note that £ DCE = 180° — 90° — 60° = 30°, hence also the

triangle EBC is isosceles and we have BE = CE.

Combining the previous two observations we get that AL = EC, and

as ZAEC = 90°, this means that ZOAE = ZACE = 45°,

/ACB = /ACE + /ECD = 45° + 30° = [75°]

Finally, we get

Problem 25

Solution

It never hurts to compute a few terms of the sequence in order to get a feel how it

looks like. In our case, the definition is that V2 > 1 : an = @n_1an+1 — 1, This

iy, + 1
fp+l =
can be rewritten as fip—1 . We have i1 = I and a2 = ZDD‘D, and we
compute:
az +1 2001
ﬂS = =
11 T
2001
az+1 =—+1 20014 =
[ = =
an 2000 2000z
2001+ 200142001z
N as % 2000 - 2001 2000
1+x 2001+
_‘35"‘1 _ ZEIEI'IJ+1 _ Tooon
ag = o = T00lxx — Z00i+x
4 2000 Z000x
ag+1 =x+1 5000
s = = =
7 e 14w
5 2000

At this point we see that the sequence will become periodic: we
have @ = @1, 4y = &2, and each subsequent term is uniquely determined by the

previous two.
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Hence if 2001 appears, it has to be one of @1 to 5. As a2 = 2000, we only have four

possibilities left. Clearly @1 = 2001 for 2z = 2001, and a3 = 2001 forr = 1. The
2001

T =
equation @4 = 2001 solves to 2000 - 2001 — 1, and the
equation @5 = 2001 to = = 2000 - 2001 — 1.

No two values of ir we just computed are equal, and therefore there

are different values of r for which the sequence contains the value 2001,

%%. EEBDD EACCD DBEDB DCDAC DCADD
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2002 AMC 12A Problems

Problem 1

Compute the sum of all the roots of (22 4 3)(z —4) + (22 +3)(x —6) =0

(A= (B)4 (C)5 (D)7 (E)13

Solution

Problem 2

Cindy was asked by her teacher to subtract 3 from a certain number and then divide
the result by 9. Instead, she subtracted 9 and then divided the result by 3, giving an
answer of 43. What would her answer have been had she worked the problem

correctly?
(AY15  (B)34 (C)43 (D)51  (E) 138
Solution

Problem 3

According to the standard convention for
22
922t (2 ) 16
exponentiation,2® = 2 = 2" = B65036.

If the order in which the exponentiations are performed is changed, how many other

values are possible?
(A)o B)1 ()2 (D)3 (E)4
Solution

Problem 4

Find the degree measure of an angle whose complement is 25% of its supplement.
(A)48 (B)60 (C)75 (D)120  (E) 150

Solution
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Problem 5

Each of the small circles in the figure has radius one. The innermost circle is tangent
to the six circles that surround it, and each of those circles is tangent to the large

circle and to its small-circle neighbors. Find the area of the shaded region.

(A) (B) 1.57 (C) 27 (D) 37 (E) 3.57
Solution

Problem 6

For how many positive integers m does there exist at least one positive integer n

such that T - 1t < 1 + 12
(A) 4 (B) 6 (€)9 (D) 12 (E) infinitely many

Solution

Problem 7

A 45 arc of circle A is equal in length to a 30° arc of circle B. What is the ratio of

circle A's area and circle B's area?
(A)y4/9  (B)2/3 (C)5/6 (D)3/2 (E)9/4
Solution

Problem 8

Betsy designed a flag using blue triangles, small white squares, and a red center
square, as shown. Let BB be the total area of the blue triangles, W the total area of
the white squares, and R the area of the red square. Which of the following is

correct?
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O*\
e
Res
kAA‘

(AB=W (B)W=R (C)B=R (D)3B=2R (E)2R=W

Solution

Problem 9

Jamal wants to save 30 files onto disks, each with 1.44 MB space. 3 of the files take
up 0.8 MB, 12 of the files take up 0.7 MB, and the rest take up 0.4 MB. It is not
possible to split a file onto 2 different disks. What is the smallest number of disks

needed to store all 30 files?
(A)12  (B)13 (C)14 (D)15  (E)16
Solution

Problem 10

Sarah places four ounces of coffee into an eight-ounce cup and four ounces of cream
into a second cup of the same size. She then pours half the coffee from the first cup
to the second and, after stirring thoroughly, pours half the liquid in the second cup

back to the first. What fraction of the liquid in the first cup is now cream?

@W; ®: ©F O: ®;
Solution
Problem 11

Mr. Earl E. Bird gets up every day at 8:00 AM to go to work. If he drives at an
average speed of 40 miles per hour, he will be late by 3 minutes. If he drives at an
average speed of 60 miles per hour, he will be early by 3 minutes. How many miles

per hour does Mr. Bird need to drive to get to work exactly on time?

(A)45 (B)48 (C)50 (D)55  (E)58
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Solution

Problem 12

Both roots of the quadratic equation x> — 63z + k= 0are prime numbers. The

number of possible values of k is
(Ao (B)1 (C)2 (D)4 (E)more than 4
Solution

Problem 13

Two different positive numbers a and b each differ from their reciprocals by 1. What

is a + b?

(A)1 B)2 (Vs D)Ve (E)3

Solution

Problem 14

For all positive integers n, let f(n) = 1052002”2. Let ¥V = F(11) + £(13) + fF(14),

Which of the following relations is true?
(A) N <1 B)N=1 (C)1l<N<2 (DN=2 (E)N=2
Solution

Problem 15

The mean, median, unique mode, and range of a collection of eight integers are all

equal to 8. The largest integer that can be an element of this collection is
(A)1r (B)y1z (C)13 (D)4 (E)15

Solution
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Problem 16

Tina randomly selects two distinct numbers from the set {L 2,34, 5}, and Sergio
randomly selects a number from the set {L 2,... .,ID}_ What is the probability that

Sergio's number is larger than the sum of the two numbers chosen by Tina?
(A)2/5 (B)9/20 (C)1/2 (D)11/20  (E) 24/25
Solution

Problem 17

Several sets of prime numbers, such as {7? 83,421, 559} use each of the nine
nonzero digits exactly once. What is the smallest possible sum such a set of primes

could have?
(A)193  (B)207 (C)225 (D) 252  (E) 447
Solution

Problem 18

Let €1 and €2 be circles defined

by (z — m}z + 11"2 = 36 and (= + 15}2 + 14'2 = 81 respectively. What is the length
of the shortest line segment £'&that is tangent to C1 at P and to C2 at &?
(A)15 (B)18 (C)20 (D)21 (E) 24

Solution

Problem 19

The graph of the function [ is shown below. How many solutions does the
equation fif(x)) =6 have?
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Solution

Problem 20

Suppose that @ and b are digits, not both nine and not both zero, and the repeating
decimal 0.ab is expressed as a fraction in lowest terms. How many different

denominators are possible?
(A)3 B4 ()5 (D)8 (E)9
Solution

Problem 21

Consider the sequence of numbers: 4.7.1.8.9.7.6,... Forn > 2, the n-th term
of the sequence is the units digit of the sum of the two previous terms.

Let Sn denote the sum of the first n terms of this sequence. The smallest value
of n for which Sn > 10, 000 .

(A) 1992  (B) 1999  (C)2001 (D) 2002  (E) 2004

Solution
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Problem 22

Triangle ABC is a right triangle with £ AC'B as its right angle, mZLABC = 60deg,
and AB = 10, Let P be randomly chosen inside /AR, and extend BP to
meet AC at D. What is the probability that BD > 5v/22

2—-v2 L o33

5—5
2 (B) 3 3

5

(A) (D) % (E)

Solution

Problem 23

In triangle AB(, side AC and the perpendicular bisector of B meet in point I3,
and BD bisects ZABC. If AD = 9 and DC =7, what is the area of
triangle AB I

(A)14  (B)21  (C)28 (D)14v5  (E) 28v5

Solution

Problem 24

Find the number of ordered pairs of real numbers {ﬂf b} such

that (@ + bi)*%? = a —bi,

(A) 1001  (B) 1002  (C) 2001 (D) 2002 (E) 2004
Solution

Problem 25

The nonzero coefficients of a polynomial P with real coefficients are all replaced by
their mean to form a polynomial ¢, Which of the following could be a graph

of ¥ = P(z) and ¥ = Q) over the interval —4 < < 4
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Solution
ER:
Problem 1
Solution
Solution 1
We expand to get 2x° — 8z + 3z — 124 227 — 122 + 3z — 18 = 0 which
is 4z° — 142 — 30 = 0 after combining like terms. Using the quadratic part
14
ofVieta's Formulas, we find the sum of the roots is I - {ﬂ} 7,’2 .
Solution 2
2x . 4 — 2r (2 —10) =
Combine terms to get{ + 3} ({T + (2 ) (22 + 3 o D] D,
3 3
hence the roots are 2 and D, thus our answer is —pth=[(A)7/2 .

Problem 2
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Solution

We work backwards; the number that Cindy started with is 3{‘13] +9 =138 Now,
138 =3 135
=—=15 (A) 15

the correct result is 9 9 . Our answer is

Problem 3

Solution

The best way to solve this problem is by simple brute force.

It is convenient to drop the usual way how exponentiation is denoted, and to write
the formulaas 2127127 2, where | denotes exponentiation. We are now
examining all ways to add parentheses to this expression. There are 5 ways to do

SO:

1. 21(@21(@212)
2. 21(212)12)
5.(212)12)12
o (27(212)12
5.(272)1(212)

We can note that 2 T (2 T 2)=(212)12= 16, Therefore options 1 and 2 are
equal, and options 3 and 4 are equal. Option 1 is the one given in the problem

statement. Thus we only need to evaluate options 3 and 5.
((212)12)12=1612=256

(212)1(212)=414=256

(B) 1]

Thus the only other result is 256, and our answer is

Problem 4

Solution

4(90 — r) = (180 — z)

360 —4r =180 — 2
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3r =180
r =60 = (B)

Problem 5

Solution

The outer circle has radius 1 + 1 +1 = 3, and thus area 9. The little circles have

area w each; since there are 7, their total area is 7. Thus, our answer

isﬂ'ﬂ'—Tw= 2m = (C)

Problem 6

Solution

Solution 1

For any m we can pick 7 = 1, we get M - 1 < m + 1 therefore the answer
(E) infinitely many

is

Solution 2

Another solution, slightly similar to this first one would be using Simon's Favorite

Factoring Trick.
(m—-1)(n—-1)<1
Let n =1, then
0<1

This means that there are infinitely many numbers 1 that can satisfy the inequality.
(E) infinitely many

So the answer is

Problem 7

Solution

Let 1 and T2 be the radii of circles A and B, respectively.
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It is well known that in a circle with radius r, a subtended arc opposite an angle

a

—~_ . onr
of # degrees has length 36( o
45 rim
. . wpn 2T = —— .

Using that here, the arc of circle A has length 360 4 | The arc of circle B
30 5 o M@ TomW
—— Tr = — _— =

has length 360 2 6 . We know that they are equal, so 4 6 ,sowe

i 2

multiply through and simplify to get T2 3. As all circles are similar to one another,

the ratio of the areas is just the square of the ratios of the radii, so our answer

(4) 4/9]

is

Problem 8

Solution

The blue that's touching the center red square makes up 8 triangles, or 4 squares.

Each of the corners is 2 squares and each of the edges is 1, totaling 12 squares.

B=W = (A)

There are 12 white squares, thus we have

Problem 9

Solution

A 0.8 MB file can either be on its own disk, or share it with a 0.4 MB. Clearly it is not
worse to pick the second possibility. Thus we will have 3 disks, each with one 0.8 MB

file and one 0.4 MB file.

We are left with 12 files of 0.7 MB each, and 12 files of 0.4 MB each. Their total size
is 12 - (0.7 4 0.4) = 13.2 yp. The total capacity of 9 disks is 9 - 1.44 = 12.96 MB,
hence we need at least 10 more disks. And we can easily verify that 10 disks are

indeed enough: six of them will carry two 0.7 MB files each, and four will carry three

0.4 MB files each.

3+ 10 =|(B) 13

Thus our answer is

Problem 10
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Solution

We will simulate the process in steps.
In the beginning, we have:

» 4 ounces of coffee in cup 1

= 4 ounces of cream in cup 2
In the first step we pour 4/2 =2 ounces of coffee from cup 1 to cup 2, getting:

» 2 ounces of coffee in cup 1

= 2 ounces of coffee and 4 ounces of cream in cup 2

In the second step we pour 2/2 =1 ounce of coffee and 4/2 =2 ounces of cream

from cup 2 to cup 1, getting:

= 241 =23 ounces of coffee and 0 + 2 = 2 ounces of cream in cup 1

* the restin cup 2

Hence at the end we have 3 4 2 = 5 ounces of liquid in cup 1, and out of

2
these 2 ounces is cream. Thus the answer is {D} g
Problem 11
Solution
Solution 1

Let the time he needs to get there in be t and the distance he travels be d. From the
1

1
d=(t—|——)4{] d=(t——)ﬁﬂ
given equations, we know that 20 and 20 . Setting

1
t=—
the two equal, we have 40t + 2 = 60 — 3 and we find 4 of an hour.

Substituting t back in, we find d = 12. From d = rt, we find that r, and our answer,

(B) 48]

is
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Solution 2

Since either time he arrives at is 3 minutes from the desired time, the answer is

merely the harmonic mean of 40 and 60. The harmonic mean of a and b

2 2ab 4800
T, 1~ —— =48
is a +3 a +b. In this case, a and b are 40 and 60, so our answeris 100 ,
B) 4
o] (B) 48 .

Solution 3
A more general form of the argument in Solution 2, with proof:

Let d be the distance to work, and let s be the correct average speed. Then the time

d
needed to get to work is s,
3 3 d
b — =40 t—— = — _ _
We know that 60 and 60  60. Summing these two equations, we
d d
HH=—4 —=
get: 40 - 60,
d 2 1 1

Substituting s and dividing both sides by d, we get s 40 60,

hence ¥ = E

(Note that this approach would work even if the time by which he is late was
different from the time by which he is early in the other case - we would simply take
a weighed sum in step two, and hence obtain a weighed harmonic mean in step

three.)

Problem 12

Solution

Consider a general quadratic with the coefficient of o being 1 and the roots

being r and s. It can be factored as ( =)z — $) which is

2
just € — {’" + S}x +rs, Thus, the sum of the roots is the negative of the coefficient

of ir and the product is the constant term. (In general, this leads toVieta's

Formulas).
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We now have that the sum of the two roots is 63 while the product is k. Since both

roots are primes, one must be 2, otherwise the sum would be even. That means the

B)1
other root is 61 and the product must be 122, Hence, our answer is (B)
Problem 13
Solution
1
r——| =1
Each of the numbers a and b is a solution to T
1 1
r——=1 —— =
Hence it is either a solution to xr ,ortox . Then it must be a
solution eitherto x> —x— 1 =0, orto x* +x — 1 =0,
+1+ 6
There are in total four such values of x, namely 2
~1+v5 1445
Out of these, two are positive: 2 and 2 . We can easily check that

both of them indeed have the required property, and their sum
-14++v5 145
is 2 2 + QJ =[v5

Problem 14

Solution

First, note that 2002 =11 - 13 - 14,

Using the fact that for any base we have loga + logh = logab, we get
that IV = 1022002(11% - 137 - 14?) = logagp, 2002° =

Problem 15

Solution

As the unique mode is 8, there are at least two 83s.

As the range is 8 and one of the numbers is 8, the largest one can be at most 16.
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If the largest one is 16, then the smallest one is 8, and thus the mean is strictly

larger than 8, which is a contradiction.

If the largest one is 19, then the smallest one is 7. This means that we already know
four of the values: 8, 8, 7, 15. Since the mean of all the numbers is 8, their sum
must be 64, Thus the sum of the missing four numbers

is64 —8 —8— 7 — 15 = 26. But if 7 is the smallest number, then the sum of the

missing numbers must be at least 4 - 7T = 28, which is again a contradiction.

If the largest number is 14, we can easily find the solution (6 6, 6, 8,8, 8,8, 14),
(D) 14

Hence, our answer is

Note

The solution for 14 is, in fact, unique. As the median must be 8, this means that
both the 4" and the 5" number, when ordered by size, must be 8s. This gives the
partial solution (6,a,b,8,8,¢,d,14) For the mean to be 8 each missing variable

must be replaced by the smallest allowed value.

Problem 16

Solution

Solution 1
This is not too bad using casework.

Tina gets a sum of 3: This happens in only one way {L 2) and Sergio can choose a
number from 4 to 10, inclusive. There are 7 ways that Sergio gets a desirable

number here.

Tina gets a sum of 4: This once again happens in only one way {L?’}. Sergio can

choose a number from 5 to 10, so 6 ways here.

Tina gets a sum of 5: This can happen in two ways {L‘i} and {2~ 3}. Sergio can

choose a number from 6 to 10, so 2-2 = 10 ways here.

Tina gets a sum of 6: Two ways here (1, E‘} and {2~ 4}. Sergio can choose a humber

from 7 to 10, so 2 # 4 = 8 here.
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Tina gets a sum of 7: Two ways here {2~ 5} and {3~ 4}. Sergio can choose from 8 to

10, so 2 -3 = 6 ways here.

Tina gets a sum of 8: Only one way possible {3~ 5). Sergio chooses 9 or 10, so 2

ways here.
Tina gets a sum of 9: Only one way {41- 5}. Sergio must choose 10, so 1 way.

In all, there are 7+ 6 + 10 + 8 + 6 + 2 + 1 = 40 ways. Tina chooses two distinct
5

=10
numbers in (2) ways while Sergio chooses a number in 10 ways, so there

40

(4)

2
are 10 - 10 = 100 ways in all. Since 100 5, our answer is

PEL T ]

Solution 2

We want to find the average of the smallest possible chance of Sergio winning and
the largest possible chance of Sergio winning. This is because the probability
decreases linearly. The largest possibility of Sergio winning if Tina chooses a 1 and

a 2. The chances of Sergio winning is then 10 . The smallest possibility of Sergio

1

winning is if Tina chooses a 4 and a 5. The chances of Sergio winning then is ﬁ The

7 1 {"—‘1)

average of 10 and 10 is

PEL T ]

Problem 17

Solution

Neither of the digits 4, 6, and 8 can be a units digit of a prime. Therefore the sum of
thesetisat least 40+ 60 + 80+ 1+24+ 3+ 5+ 7+ 9 = 207,

We can indeed create a set of primes with this sum, for example the following set
works: 141,67, 89,2,3, 5}

Thus the answer is .

Problem 18
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Solution

2 2
(C) First examine the formula {1' - ID} +y° = 35, for the circle C1. Its

center, £}, is located at (10,0) and it has a radius of ¥ 36 = 6. The next circle, using
the same pattern, has its center, Da at (-15,0) and has a radius of ¥ 81 = 9. Sowe
can construct this

diagram:

Line PQ is tangent to both circles, so it forms a right angle with the radii (6 and 9).
This, as well as the two vertical angles near O, prove triangles S2Q0 and SiPO
similar by AA, with a scale factor of 6:9, or 2:3. Next, we must subdivide the line
D2D1 in a 2:3 ratio to get the length of the segments D20 and D10. The total length
is 10 - (-15), or 25, so applying the ratio, D20 = 15 and D10 = 10. These are the
hypotenuses of the triangles. We already know the length of D2Q and

D1P, 9 and 6 (they're radii). So in order to find PQ, we must find the length of the

longer legs of the two triangles and add them.
152 - 92 = (15— 9)(15 + 9) = 6 % 24 = 144
V144 = 12

10 — 6% = (10 — 6)(10 + 6) = 4 x 16 = 64
V6i=8

Finally, the length of PQ is 12+8= , or C.
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Problem 19

Solution

First of all, note that the equation f(t) =16 has two solutions: t = =2 and t = 1.

Given an , let flz) =t Obviously, to have f(f(x)) = 5, we need to
have f{t) = 5, and we already know when that happens. In other words, the

solutions to f{f{ﬂ} =0 are precisely the solutions to (f(ij' =24 f{l') = 1).

Without actually computing the exact values, it is obvious from the graph that the

equation f(ij' = ~2 has two and f{l') = 1 has four different solutions, giving us a
total of 2 T4 = solutions.

u [ ]
(_2.' 6) 61 (1 6)

—
5 6
£
(5, -6)
Problem 20
Solution
The repeating decimal 0.ab is equal
tl%llu 10a 1 1 1 10a
+ b + b +b
00—+ Toooo -I----—{lﬂa-l-b}-(ﬁ—l-ﬁ-l----)—{1ﬂa+b}-ﬁ_ %

When expressed in lowest terms, the denominator of this fraction will always be a

divisor of the number 99 = 3 - 3 . 11, This gives us the
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possibilities {L 3,9.11, 33, 99}. As a and b are not both nine and not both zero, the

denumerator 1 can not be achieved, leaving us with possible denominators.

(The other ones are achieved e.g. for ab equal to 33, 11, 9, 3, and 1, respectively.)

Problem 21

Solution

The sequence is infinite. As there are only 100 pairs of digits, sooner or later a pair
of consecutive digits will occur for the second time. As each next digit only depends

on the previous two, from this point on the sequence will be periodic.

(Additionally, as every two consecutive digits uniquely determine the previous one

as well, the first pair of digits that will occur twice must be the first pair 4, T.)

Hence it is a good idea to find the period. Writing down more terms of the sequence,

we get:
4,7,1,8,9,7,6,3,9,2,1.3.4.7, ...

and we found the period. The length of the period is 12, and its sum
isd+T74---4+ 143 = 60. Hence for each k we have S12r = 60k,

We have [10000/60 | =166 ang 166 - 12 = 1992,

therefore S1oa2 = 60 - 166 = 9960, The rest can now be computed by hand, we
get S1oos = 9960 +44+T+14+ 84947 = 9996,

and S1ooo = 9996 + 6 = 10002, thus the answer is [ 1999

Problem 22

Solution

Clearly BC = 5 and AC = 5v'3. Choose a P’ and get a corresponding D' such
that BD' = 5v/2 and AD' = 5. For BD > 5v/2 we need CD > 5, creating an
isoclese right triangle with hyptonuse 5@ . Thus the point P may only lie in the
triangle AB ). The probability of it doing so is the ratio of areas of ABD' to ABC,
or equivalently, the ratio of AD' to AC because the triangles have identical

altitudes when taking AD' and AC as bases. This ratio is equal
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o AC AC 7 53

s1C]
Problem 23

3 . Thus the answer

Solution

A D (’Looking at the triangle BC'D, we see that its
perpendicular bisector reaches the vertex, therefore hinting it is isoceles.
Let x = £, so that B = 2xfrom given and the previous deducted.
Then £ZABD = x, ZADB = 2r pecause any exterior angle of a triangle has a
measure that is the sum of the two interior angles that are not adjacent to the
exterior angle. That means /A ABD and £ ACE are similar,

16 AB

—=—= AB =12
so AB 9 .
Then by using Heron's Formula on AB I} (with sides 12,7, E5"), we
[AABD] = /14(2)(7)(5) = 14v5 — [D]

have

Problem 24

Solution

Let 5 = vV a2+ b pe the magnitude of @ + bi. Then the magnitude

-4 2002 .
of (a + '5'1} is 52002’ while the magnitude of a — bt is 5. We get that s2002 — 8,
hence either s = 0or s = 1,
For s = () we get a single solution {a? b} = {{L ﬂ}.

Let's now assume that s = 1. Multiply both sides by a + bi. The left hand side

-42003
becomes {‘1 + '5'1]' , the right hand side
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. . 2 2
becomes {ﬂ - bl){ﬂ + '5"1) =a +b =1 Hence the solutions for this case are

precisely all the 2003rd complex roots of unity, and there are 2003 of those.

The total number of solutions is therefore 1+ 2003 = .

Solution 2

As in the other solution, split the problem into when s = () and when s = 1.

When s = land a + bi = cos £ 4 isin8,
(a + bi)?""2 = cos(20026) + i sin(20026)
— a— bi = cos # — i sinf = cos(—0) + isin(—8)

2wk
so we must have 20028 = —@+ 27k and hence  2003. Since # is restricted

to [0: 2“}, k can range from () to 2002 inclusive, which

+2003 = [ (E) 2004

is 2002 — 0+ 1 = 2003 values. Thus the total is L
Problem 25

Solution

(B) The sum of the coefficients of FF and of ¢ will be equal, so P“) = Q“). The
only answer choice with an intersection at = = 1l is at (B). (The polynomials in the

graph are Plxr) =22 — 327 — 3r — 4 5q Qlz) = =22 — 227 — 20 — 2))

ZR: AABBC EAABD BBCDD ABCDC BCDEB
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2003 AMC 12A Problems

Problem 1

What is the difference between the sum of the first 20003 even counting numbers

and the sum of the first 2003 odd counting numbers?
(A) O (B) 1 (C) 2 (D) 2003 (E) 4006
Solution

Problem 2

Members of the Rockham Soccer League buy socks and T-shirts. Socks cost $4 per
pair and each T-shirt costs $5 more than a pair of socks. Each member needs one
pair of socks and a shirt for home games and another pair of socks and a shirt for

away games. If the total cost is $2366, how many members are in the League?
(AY77  (B)91  (C)143 (D)182  (E) 286
Solution

Problem 3

A solid box is 13 cm by 10 cm by & cm. A new solid is formed by removing a
cube 3 cm on a side from each corner of this box. What percent of the original

volume is removed?
(A)a5 (B)9 (C)12 (D)18 (E) 4
Solution

Problem 4

It takes Mary 30 minutes to walk uphill 1 km from her home to school, but it takes
her only 10 minutes to walk from school to her home along the same route. What is

her average speed, in km/hr, for the round trip?
(A)3 (B)3125 (C)35 (D)4 (E)4.5

Solution
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Problem 5

The sum of the two 5-digit numbers AMC10 and AMC12 is 123422, what
is A + ﬂf + C?

(Ao (B)y1ir (C)1z (D)13 (E)14
Solution

Problem 6

Define %Y to be [ — ¥| for all real numbers x and ¥. Which of the following

statements is not true?

(A) 20y =992 for all 1 and ¥

(B) 2(2Vy) = (22)9(2Y) for all z and ¥
(C) 200 =2 for gl &

(D) 292 =0 for ajl &

(E) 20y >0z # y

Solution

Problem 7

How many non-congruent triangles with perimeter 7 have integer side lengths?
M1 Bz (©3 D4 (E)S
Solution

Problem 8

What is the probability that a randomly drawn positive factor of 60 is less than 7?

Wy ®:F ©F O3 ®;

Solution
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Problem 9

A set 5 of points in the T¥-plane is symmetric about the orgin, both coordinate axes,

and the line ¥ = x, 1 (2. 3) is in &, what is the smallest number of points in 57?
(A)1 (B) 2 (C) 4 (D) 8 (E) 16
Solution

Problem 10

Al, Bert, and Carl are the winners of a school drawing for a pile of Halloween candy,
which they are to divide in a ratio of 3 : 2 : 1, respectively. Due to some confusion
they come at different times to claim their prizes, and each assumes he is the first
to arrive. If each takes what he believes to be the correct share of candy, what

fraction of the candy goes unclaimed?

W ®F ©f O2 ©®p

Solution

Problem 11

A square and an equilateral triangle have the same perimeter. Let .4 be the area of
the circle circumscribed about the square and B the area of the circle circumscribed
around the triangle. Find A/B,

(A) 9 3 27

3/6
s B3 ©5 O

< (E) 1

Solution

Problem 12

Sally has five red cards numbered 1 through 5 and four blue cards
numbered 3 through 6. She stacks the cards so that the colors alternate and so that
the number on each red card divides evenly into the number on each neighboring

blue card. What is the sum of the numbers on the middle three cards?

(A)8 (B)9 (C)10 (D)1l (E)12
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Solution

Problem 13

The polygon enclosed by the solid lines in the figure consists of 4 congruent squares
joined edge-to-edge. One more congruent square is attached to an edge at one of
the nine positions indicated. How many of the nine resulting polygons can be folded

to form a cube with one face missing?

Solution

Problem 14

Points £ L. M. and N lie in the plane of the square ABC'I) such
that AK B, BLC, CM D, and DN A are equilateral triangles. If ABCIJ has an

area of 16, find the area of K LM N,
K

M

(A)32 (B)164+16v3 (C)48 (D)32+16v3 (E) 64


http://www.artofproblemsolving.com/Wiki/index.php/2003_AMC_12A_Problems/Problem_12
http://www.artofproblemsolving.com/Wiki/index.php/File:2003amc10a10.gif
http://www.artofproblemsolving.com/Forum/code.php?hash=0278ea262903ec772358fba7e3e107bcecc40cc6&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Wiki/index.php/2003_AMC_12A_Problems/Problem_13
http://www.artofproblemsolving.com/Forum/code.php?hash=d4d1f0c60e982fcb4d663797d7ad8120055527ef&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=b51a60734da64be0e618bacbea2865a8a7dcd669&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=fb2f85c88567f3c8ce9b799c7c54642d0c7b41f6&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=c85b415756195352cf3e993c8574aeacdd800997&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=eed883469bce8c7bf744d27192f3b6a060e7c224&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=08e4da4e4f3b9df4371883c2c534d94c9bbb7158&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=ecbf02604648fa0bba6b3f159ff0c170e6d9974c&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=fb2f85c88567f3c8ce9b799c7c54642d0c7b41f6&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=a91f062cd17eeaa74ecb04e4d695bb1211da447b&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=b0339895c15adc57f7bd85c26d69043b3f497407&type=2&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=cd0f5580ceb9bc8321f0fdb184e417a18e79e0ac&sid=b13e33066db6297c8919754f60381113

Solution

Problem 15

A semicircle of diameter 1 sits at the top of a semicircle of diameter 2, as shown.
The shaded area inside the smaller semicircle and outside the larger semicircle is

called a lune. Determine the area of this lune.

1
2
Wi -2 e Lo ¥ - L
1 V3 1
ﬁf {E} T-FE?T
Solution

Problem 16

A point P is chosen at random in the interior of equilateral triangle AB{’. What is

the probability that /v AB P has a greater area than each of /A A(C Pand /ABC FP?
1 1 1 1 2

(A) 6 (B) 1 (C) 3 (D) 2 (E) 3

Solution

Problem 17

Square ABC'D has sides of length 4, and A is the midpoint of C'D. A circle with
radius 2 and center M intersects a circle with radius 4 and center Aat

points F and I}). What is the distance from F to Af}?
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A /’ﬁ‘\
D i C
16 13 7
@3 BT © O3 (B);
Solution
Problem 18

Let n be a 9-digit number, and let 4 and r be the quotient and the remainder,
respectively, when 7 is divided by 100. For how many values of n is 4 + Tdivisible

by 117
(A) 8180  (B) 8181 (C) 8182 (D) 9%00  (E) 9090
Solution

Problem 19

A parabola with equation ¥ = az? + bx + ¢ js reflected about the x-axis. The
parabola and its reflection are translated horizontally five units in opposite
directions to become the graphs of ¥ = f{l') and ¥ = 5’{33), respectively. Which of
the following describes the graph of ¥ = (f + Q}I?

(A) a parabola tangent to the z-axis

(B) a parabola not tangent to the x-axis (C) a horizontal line

(D) a non-horizontal line (E) the graph of a cubic function

Solution
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Problem 20

How many lo-letter arrangements of 5 A's, 5 B's, and 5 C's have no A's in the

first O letters, no B's in the next b letters, and no C's in the last D letters?

(a) Z@ ®F2F ©F Oz ©3F
Solution

Problem 21

The graph of the polynomial
Plz) =2° taz’ + b’ + e’ +dr+ e

has five distinct x-intercepts, one of which is at {'[L ﬂ}. Which of the following

coefficients cannot be zero?
(A)a (B)b (C)e (D)d (BE)e
Solution

Problem 22

Objects A and B move simultaneously in the coordinate plane via a sequence of
steps, each of length one. Object A starts at {"l ﬂ} and each of its steps is either
right or up, both equally likely. Object B starts at {5~ T) and each of its steps is
either to the left or down, both equally likely. Which of the following is closest to the

probability that the objects meet?

(A)0.10 (B)0.15 (C)0.20 (D)0.25  (E)0.30

Solution

Problem 23

How many perfect squares are divisors of the product 1! - 2! - 3. ... .97

(A)504 (B)672 (C)864 (D)936  (E) 1008
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Solution

Problem 24

1f @ 2 b > 1, what is the largest possible value of 1024 (a/b) + log,(b/a)?
(4 -2 B)o (€2 O3 (E)4
Solution

Problem 25

Let f{;r]l = v ax? + BT For how many real values of a is there at least one positive
value of b for which the domain of f and the range [ are the same set?
(Ao (B)1r (C)2 (D)3  (E) infinitely many

Solution
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BER:
Problem 1

Solution

Solution 1
The first 2003 even counting numbers are 2: 4, 6, ...,4006,
The first 2003 odd counting numbers are 1: 3; 9, --., 4005,

Thus, the problem is asking for the value
of 2+ 4+ 6+...4+4006) — (1 +3+ 5+ ...+ 4005)

(24+4+6+...+4006) — (1 +3+5+...4+4005) = (2 -1)+ (4 —3)+ (6 —5) +
<o+ (4006 — 4005)

=141+1+..+1=(D) 2003

Solution 2
Using the sum of an arithmetic progression formula, we can write this
w{z + 4006) — %{1 +4005) = 2003, _ (D) 2003
as 2 2 2 .
Solution 3

The formula for the sum of the first m even numbers, is SE = n® + n, (E standing

for even).
Sum of first n odd numbers, is So = ﬂz, (O standing for odd).

Knowing this, plug 2003 for n,

SE — So = (20032 + 2003) — (20032) = 2003 = | (D) 2003 ]

Problem 2

Solution

Since T-shirts cost D dollars more than a pair of socks, T-shirts

cost 2 + 4 = 9 dollars.


http://www.artofproblemsolving.com/Forum/code.php?hash=ab165cb90d19598f610a669dfe4798f4cd049a6a&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=b51dec45a921c1471832d176f2c288b0523c5dd9&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=ab165cb90d19598f610a669dfe4798f4cd049a6a&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=7796ec09f8669a8ef3823906f175586969772124&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=b6858976114cd5ce4da074681a712dd0afa98c19&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=a3f3a35a2c09beaa29ced583eda755a2d46a586b&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=360e01c0c3d14fe75511647f97450e1a708acfa4&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Wiki/index.php/Arithmetic_progression
http://www.artofproblemsolving.com/Forum/code.php?hash=cd3a7a3271a25367430641d22848732517a0b847&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=d1854cae891ec7b29161ccaf79a24b00c274bdaa&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=a8d064cef468c8df18bf85eaa70d7c5b7ca35326&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=d1854cae891ec7b29161ccaf79a24b00c274bdaa&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=7b2e6d8b837055d92f336e3001a05592592c6d61&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=ab165cb90d19598f610a669dfe4798f4cd049a6a&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=d1854cae891ec7b29161ccaf79a24b00c274bdaa&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=e7bc73eff81d87e0bcfa1f04018c48843751dbe5&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=5a95dd3759eba67e555dee8218440ebed5564e39&sid=c27d54fdc619e746bad8383a54f7b35b
http://www.artofproblemsolving.com/Forum/code.php?hash=ac3478d69a3c81fa62e60f5c3696165a4e5e6ac4&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=114fba0ad8b7d18de53ce2db664427c1b2f38286&sid=b13e33066db6297c8919754f60381113

Since each member needs 2 pairs of socks and 2 T-shirts, the total cost

for 1 member is 2(4 +9) =26 gojiars.

Since 2366 dollars was the cost for the club, and 26 was the cost per member, the

66 = 26 = [ (B) 91

number of members in the League is

Problem 3

Solution

The volume of the original box is 15 - 10 - 8 = 1200
The volume of each cube that is removed is 3 -3 - 3 = 27
Since there are 8 corners on the box, 8 cubes are removed.

So the total volume removed is 8 - 27 = 216,

216

Therefore, the desired percentage is 1200 " — (D) 18%
Problem 4
Solution
Solution 1

Since she walked 1 km to school and 1 km back home, her total distance
isl4+1=2km.

Since she spent 30 minutes walking to school and 10 minutes walking back home,
40 2
her total time is 30 + 10 = 40 minutes = 60 3 hours.

2
5 =[(4)3
Therefore her average speed in km/hr is 3
Solution 2

The average speed of two speeds that travel the same distance is the harmonic
2 2y

5 =

Ly

1= .
mean of the speeds, or v Tty (for speeds x and ¥). Mary's speed going
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to school is EI{m,."hr, and her speed coming back is 6km/hr Plugging the numbers

Exﬁxi_%_ )3
in, we get that the average speedis 6+2 8 .

Problem 5

Solution

AMC10 + AMC12 =123422
AMCO0 + AMCO0 = 123400
AMC + AMC =1234
2-AMC =1234

AMC = %= 617

Since A, M, and C are digits, A =6, M =1, C =T.

A+ M+C=6+1+7T=|(E) 14

Therefore,

Problem 6

Solution

Examining statement C:
2P0 = |z — 0| = |z|

2| # T when = < 0, but statement C says that it does for all .

(C) 290 = « for all =

Therefore the statement that is not true is

Problem 7

Solution

By the triangle inequality, no side may have a length greater than the

1
T=35

semiperimeter, which is 2
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Since all sides must be integers, the largest possible length of a side is 3. Therefore,
all such triangles must have all sides of length 1, 2, or 3. Since 2+ 2 +2 =6 <7,
at least one side must have a length of 3. Thus, the remaining two sides have a

combined length of T — 3 = 4. So, the remaining sides must be

(B) 2|

either 3 and 1 or 2 and 2. Therefore, the number of triangles is

Problem 8

Solution

Solution 1

For a positive number n which is not a perfect square, exactly half of the positive

factors will be less than V/H

Since 60 is not a perfect square, half of the positive factors of 60 will be less

than v 60 == 7.746,
Clearly, there are no positive factors of 60 between 7 and v 60.

Therefore half of the positive factors will be less than 7.

(E)

]

So the answer is

Solution 2

Testing all numbers less than 7, numbers 1. 2.3, 4,9, and 6 divide 60. The prime
factorization of 60 is 22 - 3. 5. Using the formula for the number of divisors, the
total number of divisors of 60 is {3}{2]{2) =12 Therefore, our desired probability

6
2 _|(E) =
12 2

Problem 9
Solution
If {2~ 3) is in &, then {3~ 2) is also, and quickly we see that every point of the

form (£2, :l:3] or (3, :l:?) must be in S. Now note that these 8 points satisfy all of
(D) 8

the symmetry conditions. Thus the answer is


http://www.artofproblemsolving.com/Forum/code.php?hash=77de68daecd823babbb58edb1c8e14d7106e83bb&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=356a192b7913b04c54574d18c28d46e6395428ab&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=da4b9237bacccdf19c0760cab7aec4a8359010b0&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=77de68daecd823babbb58edb1c8e14d7106e83bb&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=88dcdfe30567fe1c2ca84af6643e40bcec48e450&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=77de68daecd823babbb58edb1c8e14d7106e83bb&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=d678418c454447de7bed0a5638f148923742e7a1&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=77de68daecd823babbb58edb1c8e14d7106e83bb&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=356a192b7913b04c54574d18c28d46e6395428ab&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=da4b9237bacccdf19c0760cab7aec4a8359010b0&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=da4b9237bacccdf19c0760cab7aec4a8359010b0&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=0aca433d0b4c5f1a496c3647ee65c7e61feb3fc7&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=d1854cae891ec7b29161ccaf79a24b00c274bdaa&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=712f9a224d6c7824add37b6cd766c21f73a40d59&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e3faaccc2266e7e008421316834c87137453e7b8&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=902ba3cda1883801594b6e1b452790cc53948fda&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=8e034e9a56441d3b692d0cf2f552eff0acc9863f&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=902ba3cda1883801594b6e1b452790cc53948fda&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=f0ba01a00dd2a62aeb3cd8354180f8b84871a76d&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=902ba3cda1883801594b6e1b452790cc53948fda&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=53c4ed11a560ba47283255ebbfec1cf06c08b9d7&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=c1dfd96eea8cc2b62785275bca38ac261256e278&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=5cd1d62a40700ca67af813daaf9fa4100092e805&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e6c3dd630428fd54834172b8fd2735fed9416da4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=7eeb4e65b337f34115da6c8b0786231f6007da96&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=fffa10f8a85002c038c086a471f21057003acfb6&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=8798a9e70f5841b13959dc0e15da505ffff615a5&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=02aa629c8b16cd17a44f3a0efec2feed43937642&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=6d5f1f80988af5da565c8c706ab3bfb1ae0fc5ff&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=1b5f5b6e149d8b2875c81965a78bd20eb540f37c&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=880981f9d71c31bd2bf96b80a2989b6eea8d14fa&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=02aa629c8b16cd17a44f3a0efec2feed43937642&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=fe5dbbcea5ce7e2988b8c69bcfdfde8904aabc1f&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=1a6156d98dfceea84c57afa36b19831db62e16ce&sid=b13e33066db6297c8919754f60381113

Problem 10

Solution

Because the ratios are 3 : 2 : 1, Al, Bert, and Carl believe that they need to
take UE, 1;‘{3, and 1/6 of the pile when they each arrive, respectively. After each

person comes, UZ, 2f3, and 5/6 of the pile's size (just before each came) remains.
1 2 5

The pile starts at 1, and at the end 23 6 18 ofthe original pile goes

unclaimed. (Note that because of the properties of multiplication, it does not matter

D) o

what order the three come in.) Hence the answer is

Problem 11

Solution

Suppose that the common perimeter is P Then, the side lengths of the square and

P P

triangle, respectively, are 4 and E The circle circumscribed about the square has a
P2
diameter equal to the diagonal of the square, which is 4 Therefore, the radius
2
P2 2P | Pix
P2 ﬂ'(—‘é/_) =7T-—=
is & and the area of the circle is

64 33— A

Now consider the circle circumscribed around the equilateral triangle. Due to
symmetry, the circle must share a center with the equilateral triangle. The radius of

the circle is simply the distance from the center of the triangle to a vertex. This

distance is 3 of an altitude. By 30 — 60 — 90 right triangle properties, the altitude

% > V3 P_PV3

is 2 s where s is the side. So, the radius is 3 2 3 9 Theareaofthe
circle
2

Pv3y  3P? | Pm B
T o | T 8L T |21 T
is So,

2
A 3—; P2z 27 27 27
. — . =L o) Puid
B =32 P |32 (©) 35
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Problem 12

Solution

Let Ri and B designate the red card numbered z and the blue card numbered j,

respectively.

B is the only blue card that fi5 evenly divides, so fi5 must be at one end of the

stack and £5 must be the card next to it.

f1 is the only other red card that evenly divides B3, so f£1 must be the other card

next to Bs.

B4 is the only blue card that f4 evenly divides, so fl4 must be at one end of the

stack and B4 must be the card next to it.

f3 is the only other red card that evenly divides B4, so f22 must be the other card

next to B,

3 doesn't evenly divide B3, so B3 must be next to f£1, Bs must be next to Hz,

and f3 must be in the middle.

This yields the following arrangement from top to
bottomn: {f5. Bs, R1, Bs, B3, Bs, R, By, Ra}

Therefore, the sum of the numbers on the middle three cards

L 3+3+6=|(E) 12

Problem 13

Solution

Solution 1

Let the squares be labeled 4, B, ', and 1J.


http://www.artofproblemsolving.com/Forum/code.php?hash=b8f730c07a2f671a7334708607c35e23948f8cb4&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=ea514b270239d028749c47b634fd683a4f460749&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=042dc4512fa3d391c5170cf3aa61e6a638f84342&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=5c2dd944dde9e08881bef0894fe7b22a5c9c4b06&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=32db00d4cd3aedeb06cae10eed96b2fe922d1236&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=1d1606a6054a07cc05dd18b9110d6a3de9c831f5&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=1d1606a6054a07cc05dd18b9110d6a3de9c831f5&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=32db00d4cd3aedeb06cae10eed96b2fe922d1236&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e4b176d01074a5f8eddc40b3e9bb08c5d9179c90&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=32db00d4cd3aedeb06cae10eed96b2fe922d1236&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e4b176d01074a5f8eddc40b3e9bb08c5d9179c90&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=32db00d4cd3aedeb06cae10eed96b2fe922d1236&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=62cca986ef922105bb4e97b3a118bd163060b16e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=206059fd976f851b4987b4d96b8d8837d07014f5&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=206059fd976f851b4987b4d96b8d8837d07014f5&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=62cca986ef922105bb4e97b3a118bd163060b16e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=0310f335740f34da8a343c418859f6c0cc4a6228&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=62cca986ef922105bb4e97b3a118bd163060b16e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=0310f335740f34da8a343c418859f6c0cc4a6228&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=62cca986ef922105bb4e97b3a118bd163060b16e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=0310f335740f34da8a343c418859f6c0cc4a6228&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=dde3bceacef7ea802e78e72a7290c98e3816061e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=dde3bceacef7ea802e78e72a7290c98e3816061e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e4b176d01074a5f8eddc40b3e9bb08c5d9179c90&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=793291152fef54df53ec3b55ad56fd9cbd6d954e&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=0310f335740f34da8a343c418859f6c0cc4a6228&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=7b52c1a1d67b94c7b4ad50b7227a8e67b66ed9e3&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=df256f5def60670509ea4f2329afdb0c34c26dff&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=e4351c7fcb798a89faac698cc3b6aadcccdd28af&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Wiki/index.php/File:2003amc10a10solution.gif
http://www.artofproblemsolving.com/Forum/code.php?hash=6dcd4ce23d88e2ee9568ba546c007c63d9131c1b&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=ae4f281df5a5d0ff3cad6371f76d5c29b6d953ec&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=32096c2e0eff33d844ee6d675407ace18289357d&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=50c9e8d5fc98727b4bbc93cf5d64a68db647f04f&sid=dca59ca473ed22549a64bd01e39c5488

When the polygon is folded, the "right" edge of square .4 becomes adjacent to the
"bottom edge" of square €', and the "bottom" edge of square Abecomes adjacent

to the "bottom" edge of square 1.

So, any "new" square that is attatched to those edges will prevent the polygon from

becoming a cube with one face missing.

Therefore, squares 1, 2, and 3 will prevent the polygon from becoming a cube with

one face missing.

Squares 4, 5, 6, T, 8, and 9 will allow the polygon to become a cube with one face

missing when folded.

(E) 6]

Thus the answer is

Solution 2

Another way to think of it is that a cube missing one face has 5 of its 6 faces. Since
the shape has 4 faces already, we need another face. The only way to add another

face is if the added square does not overlap any of the others. 1,2, and 3 overlap,

while squares 4 to 9 do not. The answer is (E) 6
Problem 14
Solution
Solution 1

Since the area of square ABCD is 16, the side length must be 4. Thus, the side length
of triangle AKB is 4, and the height of AKB, and thus DMC, is 3.

The diagonal of the square KNMC will then be 4 + 4V'3. From here there are 2 ways

to proceed:
4443
First: Since the diagonal is 4 + 4\&, the side length is V2 , and the area is
16 + 484+ 323

(D) 32 +16v/3

thus 2
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Solution 2
dyda
Since a square is a rhombus, the area of the square is 2 , where @1 and d2 are

the diagonals of the rhombus. Since the diagonal is 4 -+ 4\/5, the area
2 —
ﬂ ={(D) 32 +16v/3

is

Problem 15

Solution

Let [X] denote the area of region X in the figure above.

The shaded area [A] is equal to the area of the smaller semicircle [A + B] minus the

area of a sector of the larger circle [B + C] plus the area of atriangle formed by

two radii of the larger semicircle and the diameter of the smaller semicircle [C]

1 1, 1

The area of the smaller semicircle is

Since the radius of the larger semicircle is equal to the diameter of the smaller

semicircle, the triangle is an equilateral triangle and the sector measures 60°.

: B+C] = 57 (5
The area of the 60" sector of the larger semicircle is 360 2

o=

The area of the triangle is 4 4,

So the shaded area

is
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[A]=[A+B]-[B+C]+[C] = (%n) — (%w) + (%) =1(C) ‘/TE— %w
Problem 16

Solution

Solution 1

After we pick point FP, we realize that ABC" is symmetric for this purpose, and so

the probability that AC' P is the greatest area, or AEBF or BC P, are all the same.

(C) 3

Since they add to 1, the probability that AC' P has the greatest area is
Solution 2

We will use an approach of geometric probability to solve this problem. Let us take
point P, and draw the perpendiculars to AB, BC, and AC, and call the feet of these
perpendiculars D, E, and F respectively. The area of triangle ACP is simply 1/2 * AC
* PF. Similarly we can find the area of triangles BCP and ABP. If we add these up and
realize that it equals the area of the entire triangle, we see that no matter where we
choose P, PD + PE + PF = the height of the triangle. Setting the area of triangle ACP
greater than ABP and BCP, we want PF to be the largest of PF, PD, and PE. We then
realize that PF = PD = PE when P is the orthocenter of ABC. Let us call the
orthocenter of the triangle Q. If we want PF to be the largest of the three, by testing
points we realize that P must be in the interior of quadrilateral QFCE. So our
probability (using geometric probability) is the area of QFCE divided by the area of
ABC. We will now show that the three quadrilaterals, QFCE, QEBD, and QDAF are
congruent. As the definition of point Q yields, QF = QD = QE. Since ABC is
equilateral, Q is also the circumcenter of ABC, so QA = QB = QC. Using the
Pythagorean theorem, BD = DA = AF = FC = CE = EB. Also, angles BDQ, BEQ, CEQ,
CFQ, AFQ, and ADQ are all equal to 90 degrees by the definition of an altitude. Also,
angles DBE, FCE, DAF are all equal to 60 degrees as equilateral triangles are also
equiangular. It is now clear that QFCE, QFAD, QEBD are all congruent. Summing up
these areas gives us the area of ABC. QFCE contributes to a third of that area, as

they are all congruent, so the ratio of the areas of QFCE to ABC is 1/3 (C).


http://www.artofproblemsolving.com/Forum/code.php?hash=1c4e607b596c57a0a155c2d055480d0c985ea1c8&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=1c4e607b596c57a0a155c2d055480d0c985ea1c8&sid=dca59ca473ed22549a64bd01e39c5488
http://www.artofproblemsolving.com/Forum/code.php?hash=511993d3c99719e38a6779073019dacd7178ddb9&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=3c01bdbb26f358bab27f267924aa2c9a03fcfdb8&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=2601cb8163fd94776513bd91686c26bd113f13d8&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=8a390e9fa360ca734c41813b5220ed2d99802bc3&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=3d8631e4d9e9eb118072809372fe0231d108f0a7&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=356a192b7913b04c54574d18c28d46e6395428ab&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=2601cb8163fd94776513bd91686c26bd113f13d8&sid=b13e33066db6297c8919754f60381113
http://www.artofproblemsolving.com/Forum/code.php?hash=130afd0c0f6f0c8d708ec203848be941d7369952&sid=b13e33066db6297c8919754f60381113

Problem 17

Solution 1

Let L) be the origin. A is the point (0, 4) and M is the point (2, D). We are given the
radius of the quarter circle and semicircle as 4 and 2, respectively, so their

equations, respectively, are:
x® +(y —4)* =42

{I—E}Z-I-yz:zz

Algebraically manipulating the second equation gives:
y? =22 — (z — 2)?

y =2~ (z-2)2+(x-2)

v = (4 - a)(x)

y = vidr — x?

Substituting this back into the first equation:
22 + (Ve — 2?2 — 4) = 42

2 +4dr — 2% — 8y/4dr — 22+ 16 = 16

dr — 8y/dx — 22 =0

dr = 8/ 4z — 22

1602 = 64(4x — 27)

162° = 256x — 64x°

8022 — 256x =0
z(80x — 256) =0
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16
r=10

Solving each factor for 0 yields " B . The first value of 0 is obviously referring
to the x-coordinate of the point where the circles intersect at the origin, I}, so the
second value must be referring to the x coordinate of . Since A} is the y-axis,

the distance to it from F is the same as the x-value of the coordinate of F, so the

16
distance from P to AD is E

Solution 2

Note that F is merely a reflection of I} over AM . Call the intersection
of AM and I2F X. Drop perpendiculars from X and F to Af}, and denote their
respective points of intersection by J and K. We then have ADXJ ~ ADPK,

with a scale factor of 2. Thus, we can find X .J and double it to get our answer. With

8 16

=z PK = —

some analytical geometry, we find that 5, implying that o.
Solution 3

As in Solution 2, draw in D F and AM and denote their intersection point X . Next,
drop a perpendicular from P to A1} and denote the foot as Z. AP =2 AJ) as they
are both radii and similarly DM = MP so APM D isakiteand X 1L XM bya

well-known theorem.

Pythagorean theorem gives us AM = 2v/5.

Clearly AXMD ~ AXDA ~ ADMA ~ AZDFP by angle-angle

and AXMD = A X M P by Hypotenuse Leg. Manipulating similar triangles gives
16

PZ ==
us 5}

Problem 18

Solution

When a 5-digit number is divided by 100, the first 3 digits become the quotient, 4,

and the last 2 digits become the remainder, r.
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Therefore, 4 can be any integer from 100 to 999 inclusive, and r can be any integer

from 0 to 99 inclusive.

For each of the 9 - 10 - 1{} = 900 possible values of 4, there are at
L1'[}[} _9
1

least possible values of r such that 4 +7 =0 (mod 11)

Since there is 1 "extra" possible value of r that is congruent to 0 (mod 11), each of

20 g
the" 11 -~ values of 4 that are congruent to 0 (mod 11) have 1 more

possible value of r such that 4 +7 =0 (mod 11)

Therefore, the number of possible values of r such

that @ +7 =0 (mod 11) 900 -9 +81 -1 =8181 = | (B)

Problem 19

Solution

If we take the parabola az” + br + ¢ and reflect it over the x - axis, we have the
parabola —ax’ — br — c. Without loss of generality, let us say that the parabola is
translated 5 units to the left, and the reflection to the right. Then:

flz) = alz +5)? +b(x +5) + c = az® + (10a + b)z + 25a + 5b + ¢

g(z) = —a(r — 52 —b(x — 5) — ¢ = —ax® + 10ax — bx — 25a + 5b — ¢

Adding them up

produces:
(f +g)(z) = ax® + (10a + b)x + 25a + 5b + ¢ — ax® + 10ax — br — 25a +5b — ¢ =
20az + 106

This is a line with slope 20k1. Since a cannot be () (because azx® 4 bx + ¢ would be

(D) a non-horizontal line

a line) we end up with

Problem 20

Solution

The answer is
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Note that the first five letters must be B's or C's, the next five letters must be C's or
A's, and the last five letters must be A's or B's. If there are k B's in the first five

letters, then there must be D — k C's in the first five letters, so there must be k C's
and D — k A's in the next five letters, and k A's and D — k B's in the last five letters.
Therefore the number of each letter in each group of five is determined completely

by the number of B's in the first 5 letters, and the number of ways to arrange these

(5)3 (5)
15 letters with this restriction is k (since there are k ways to arrange k B's

20

and 2 — k C's). Therefore the answer is k=0

Problem 21

Solution

Solution 1
Let the roots be 71 = 0. 72,73, 74, 75, According to Vieta's formulas, we
have d = T1rarsry + rirerars + rireryrs + r1rsrars + ror3rars, The first four
terms contain 1 = 0 and are therefore zero, thus d = T27T31475, This is a product

of four non-zero numbers, therefore d must be non-zero = {D}

Solution 2

Clearly, since (0.0) is an intercept, ¢ must be 0. But if d was 0, = would divide the
polynomial, which means it would have a double root at (J, which is impossible, since

all five roots are distinct.

Problem 22

Solution

12
( 5 ) =792
If A and B meet, their paths connect (0, ﬂ) and (9 T}' There are such

ﬂx{].?ﬂ:\a

paths, so the probability is 26 - 26

Problem 23
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Solution

We want to find the number of perfect square factors in the product of all the
factorials of numbers from 1 — 9. We can write this out and take out the factorials,
and then find a prime factorization of the entire product. We can also find this prime
factorization by finding the number of times each factor is repeated in each factorial.
This comes out to be equal to 2°7 3" % 5% % 73 To find the amount of perfect
square factors, we realize that each exponent in the prime factorization must be
even: 2% % 3% % 52 % 71 To find the total number of possibilities, we add 1 to each

exponent and multiply them all together. This gives

uslﬁ*?*?;*?:ﬁ'??:} {B} .

Problem 24

Solution

Using logarithmic rules, we see that

1
log, a —log, b+ log, b —log,a =2 — (log, b + log, a}z 2~ (log, b+ lagub)

Since a and b are both positive, using AM-GM gives that the term in parentheses

must be at least 2, so the largest possible values is 2-2= '

Problem 25

Solution

The function J(*) = vVZ(az + ) has a codomain of all non-negative numbers,

or 0 < f(2), since the domain and the range of [ are the same, it follows that the

domain of f also satisfies I < it

r=10,

—b
The function has two zeroes at i

, which must be part of the domain. Since
—b
the domain and the range are the same set, it follows that @ is in the codomain
—b

0<
of f, or {1 . This implies that one (but not both) of a.bis non-positive. If a is
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N lim az® +br>0 _ _
positive, then r——oc , which implies that a negative number falls in

the domain of f{l'}, contradiction. Thus @ must be non-positive, b is non-negative,

and the domain of the function occurs whenZ(az + b) > 0 or

ﬂga:g_—b.
a

2
b b2 —b?
f{.r}=\/a(r+g) — — = —
Completing the square, by the Trivial

Inequality (remember that & = 'D). Since f is continuous and assumes this

r=—
maximal value at 2a , it follows that the range of [is

_bi!

As the domain and the range are the same, we have

—b [ —b? b
_— = e — — ;]{ﬂ —I—Ii) e 'D
that @ da 2/ ~a (we can divide through by b since

it is given that bis positive). Hence & = 0, —4, which both we can verify work, and

the answer is {C]

#22. DBDAE CBEDD CEEDC CBBDA DCBBC
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Sandwiches at Joe’s Fast Food cost $3 each and sodas cost $2 each. How many dollars will it
cost to purchase 5 sandwiches and 8 sodas?

(A)31  (B)32 (C)33 (D)34 (E)35

Define z ® y = 23 —y. What is h ® (h ® h)?
(A) -h (B)0O (C)h (D)2n (E)R®

The ratio of Mary’s age to Alice’s age is 3 : 5. Alice is 30 years old. How old is Mary?
(A) 15 (B) 18 (C) 20 (D) 24 (E) 50

A digital watch displays hours and minutes with AM and PM. What is the largest possible
sum of the digits in the display?

(A)17  (B)19 (C)21 (D)2 (E)23

Doug and Dave shared a pizza with 8 equally-sized slices. Doug wanted a plain pizza, but
Dave wanted anchovies on half the pizza. The cost of a plain pizza was $8, and there was
an additional cost of $2 for putting anchovies on one half. Dave ate all the slices of anchovy
pizza and one plain slice. Doug ate the remainder. Each paid for what he had eaten. How
many more dollars did Dave pay than Doug?

At B2 ()3 D4 (B)S

@ The 8 x 18 rectangle ABCD is cut into two congruent hexagons, as shown, in such a way
that the two hexagons can be repositioned without overlap to form a square. What is y?

A 18 B
Y
8 8
Y
D 18 C

(A)6 (B)7 (C)8 (D)9 (E)10
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Mary is 20% older than Sally, and Sally is 40% younger than Danielle. The sum of their ages
is 23.2 years. How old will Mary be on her next birthday?

(A)7 (B)s (C)9 (D)10 (E) 11

How many sets of two or more consecutive positive integers have a sum of 157
a1t B2 ()3 M4+ (B)S

@ Oscar buys 13 pencils and 3 erasers for $1.00. A pencil costs more than an eraser, and both
items cost a whole number of cents. What is the total cost, in cents, of one pencil and one
eraser?

(A) 10 (B) 12 (C) 15 (D) 18 (E) 20
For how many real values of x is m an integer?
(A) 3 (B) 6 (C) 9 (D) 10 (E) 11
Which of the following describes the graph of the equation (z + y)? = 22 + 32?
(A) the empty set (B) one point (C) two lines (D) a circle (E) the entire plane

A number of linked rings, each 1 cm thick, are hanging on a peg. The top ring has an outside
diameter of 20 cm. The outside diameter of each of the outer rings is 1 cm less than that of
the ring above it. The bottom ring has an outside diameter of 3 cm. What is the distance,
in cm, from the top of the top ring to the bottom of the bottom ring?

[img]http://www.artofproblemsolving.com/Forum/albumic.php?pic;d = 562[/img]
(A) 171 (B) 173 (C) 182 (D) 188 (E) 210

The vertices of a 3 —4 — 5 right triangle are the centers of three mutually externally tangent circles,
as shown. What is the sum of the areas of the three circles?

<

(A)12r  (B)ET (C)13r (D) 2F (E) l4r
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Two farmers agree that pigs are worth $300 and that goats are worth $210. When one farmer owes
the other money, he pays the debt in pigs or goats, with “change” received in the form of goats or
pigs as necessary. (For example, a $390 debt could be paid with two pigs, with one goat received
in change.) What is the amount of the smallest positive debt that can be resolved in this way?

(A) $5 (B) $10 (C) $30 (D) %90 (E) $210
Suppose cosz = 0 and cos(z + z) = 1/2. What is the smallest possible positive value of 2?7
@Aayg ®iF ©fF OF ®TF

Circles with centers A and B have radii 3 and 8, respectively. A common internal tangent intersects
the circles at C' and D, respectively. Lines AB and C'D intersect at F, and AE = 5. What is CD?

A3 (B)Y¥ (©)VEI D)V (B) P

Square ABCD has side length s, a circle centered at E has radius r, and r and s are both rational.
The circle passes through D, and D lies on BE. Point F lies on the circle, on the same side of BE

as A. Segment AF is tangent to the circle, and AF = /9 4 5v/2. What is r/s?
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Aasz; B35 ©F M3 (E]F

The function f has the property that for each real number z in its domain, 1/x is also in its domain

and
F@) + f <i) .

What is the largest set of real numbers that can be in the domain of f? (A) {z|z # 0} (B) {z]z <
0} (C) {z|]x >0}
(D) {z]z # -1 and = # 0 and = # 1} (E) {—-1,1}

Circles with centers (2,4) and (14,9) have radii 4 and 9, respectively. The equation of a common
external tangent to the circles can be written in the form y = max + b with m > 0. What is b7
[img|http://www.artofproblemsolving.com/Forum/album,ic.php?pic;d = 554[/img]

A% ®E ©W O ® %

A bug starts at one vertex of a cube and moves along the edges of the cube according to the
following rule. At each vertex the bug will choose to travel along one of the three edges emanating
from that vertex. Each edge has equal probability of being chosen, and all choices are independent.
What is the probability that after seven moves the bug will have visited every vertex exactly once?

A sy B)mg (© gz Mg () 5
Let
S1={(z,y) | logio(1+ 2% +y?) <1+ logo(z +y)}
and
So = {(z,y) | logip(2+2* + ) <2+ logyo(z +y)}.
What is the ratio of the area of Sy to the area of 517
(A) 98 (B) 99 (C) 100 (D) 101 (E) 102
A circle of radius 7 is concentric with and outside a regular hexagon of side length 2. The probability

that three entire sides of hexagon are visible from a randomly chosen point on the circle is 1/2.
What is 7?7

(A)2v2+2V3  (B)3v3++v2 (C)2V6+Vv3 (D) 3vV2+V6
(E) 6v2 -3

Given a finite sequence S = (a1, aq,...,a,) of n real numbers, let A(S) be the sequence

air+az az +as ap—1+ an
5 T g v 5
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of n — 1 real numbers. Define A'(S) = A(S) and, for each integer m, 2 < m < n — 1, define
A™(S) = A(A™71(9)). Suppose z > 0, and let S = (1,z,22,...,209). If A09(S) = (1/2%Y), then
what is 27 (A) 1—¥%2  (B)v2-1 (C)L @D)2-v2 (E) ¥

The expression

S

(LI? +y+ 2)2006 + (:L’ —y— 2)2006

is simplified by expanding it and combining like terms. How many terms are in the simplified
expression?

(A) 6018 (B) 671,676 (C) 1,007,514 (D) 1,008,016 (E) 2,015,028
How many non-empty subsets S of {1,2,3,...,15} have the following two properties?

(1) No two consecutive integers belong to S. (2) If S contains k elements, then S contains no
number less than k.

(A)277 (B)311 (C)376 (D)377 (E) 405

4. ACBED ABCAECBECABBEEC EDBDE
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A

One ticket to a show costs $20 at full price. Susan buys 4 tickets using a coupon that gives
her a 25% discount. Pam buys 5 tickets using a coupon that gives her a 30% discount. How
many more dollars does Pam pay than Susan?

(A)2 (B)5 (C)10 (D)15 (E)20

An aquarium has a rectangular base that measures 100 cm by 40 cm and has a height of 50
cm. It is filled with water to a height of 40 cm. A brick with a rectangular base that measures
40 cm by 20 c¢m and a height of 10 c¢m is placed in the aquarium. By how many centimeters
does the water rise?

(A)05 (B)1 (C)15 (D)2 (E)25

The larger of two consecutive odd integers is three times the smaller. What is their sum?
(A) 4 (B) 8 (C) 12 (D) 16 (E) 20

Kate rode her bicycle for 30 minutes at a speed of 16 mph, then walked for 90 minutes at a
speed of 4 mph. What was her overall average speed in miles per hour?

(A)7 (B)9 (C)10 (D)12 (E)14

Last year Mr. John Q. Public received an inheritance. He paid 20% in federal taxes on the
inheritance, and paid 10% of what he had left in state taxes. He paid a total of $10,500 for
both taxes. How many dollars was the inheritance?

(A) 30,000 (B) 32,500 (C) 35,000 (D) 37,500 (E) 40,000

@ Triangles ABC and ADC are isosceles with AB = BC and AD = DC. Point D is inside
NABC, ZABC = 40°, and ZADC = 140°. What is the degree measure of ZBAD?
(A) 20 (B) 30 (C) 40 (D) 50 (E) 60

Let a, b, ¢, d, and e be five consecutive terms in an arithmetic sequence, and suppose that
a+ b+ c+d+ e =30. Which of the following can be found?
(A)a (B)b (C)c (D)d (E)e

A star-polygon is drawn on a clock face by drawing a chord from each number to the firth
number counted clockwise from that number. That is, chords are drawn from 12 to 5, from

5 to 10, from 10 to 3, and so on, ending back at 12. What is the degree measure of the angle
at each vertex in the star-polygon?

(A)20 (B)24 (C)30 (D)36 (E)60
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@ Yan is somewhere between his home and the stadium. To get to the stadium he can walk
directly to the stadium, or else he can walk home and then ride his bicycle to the stadium.
He rides 7 times as fast as he walks, and both choices require the same amount of time. What
is the ratio of Yan’s distance from his home to his distance from the stadium?

@i ®i ©35 MF ®7F

A triangle with side lengths in the ratio 3 : 4 : 5 is inscribed in a circle of radius 3. What is
the area of the triangle?
(A) 8.64 (B) 12 (C) 5 (D) 17.28 (E) 18

A finite sequence of three-digit integers has the property that the tens and units digits of
each term are, respectively, the hundreds and tens digits of the next term, and the tens and
units digits of the last term are, respectively, the hundreds and tens digits of the first term.
For example, such a sequence might begin with the terms 247, 275, and 756 and end with

the term 824. Let S be the sum of all the terms in the sequence. What is the largest prime
factor that always divides S7

(A)3 (B)7 (C)13 (D)37 (E)43

Integers a, b, ¢, and d, not necessarily distinct, are chosen independantly and at random from
0 to 2007, inclusive. What is the probability that ad — bc is even?

@ai ®BF ©; Op ®3

A piece of cheese is located at (12,10) in a coordinate plane. A mouse is at (4,—2) and is
running up the line y = — 52 + 18. At the point (a,b) the mouse starts getting farther from
the cheese rather than closer to it. What is a + b7

(A) 6 (B) 10 (C) 14 (D) 18 (E) 22
Let a, b, ¢, d, and e be distinct integers such that
(6—a)(6—0)(6—1c)(6—d)(6—e)=45.
Whatisa+b+c+d+e?
(A) 5 (B) 17 (C) 25 (D) 27 (E) 30

The set {3,6,9,10} is augmented by a fifth element n, not equal to any of the other four.
The median of the resulting set is equal to its mean. What is the sum of all possible values
of n?

(A)7 (B)9 (C)19 (D)24 (E)26

Page 2


http://www.artofproblemsolving.com/Forum/resources.php?c=182
http://www.mathlinks.ro/Forum/resources.php?c=182&cid=44
http://www.artofproblemsolving.com/Forum/resources.php?c=182&cid=44&year=2007
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750037
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750038
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750039
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750041
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750045
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750047
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=750052

USA
AMC 12/AHSME
2007

How many three-digit numbers are composed of three distinct digits such that one digit is
the average of the other two?

(A)96 (B)104 (C)112 (D)120 (E) 256
Suppose that sina + sinb = \/g and cosa + cosb = 1. What is cos(a — b)?
A)i-1 ®i ©F M3 ®:1
The polynomial f(x) = 2* +az® + bx? 4 cx + d has real coefficients, and f(2i) = f(2+1i) = 0.
What is a + b+ c+d?
(A)O B)1 (C) 4 (D) 9 (E) 16
Triangles ABC' and ADE have areas 2007 and 7002, respectively, with B = (0,0), C' =

(223,0), D = (680, 380), and E = (689, 389). What is the sum of all possible x-coordinates of
A?

(A)282 (B)300 (C)600 (D)900 (E) 1200

Corners are sliced off a unit cube so that the six faces each become regular octagons. What
is the total volume of the removed tetrahedra?

(A) 23T (B) 1512 (©) 22 (D) MR (B)

The sum of the zeros, the product of the zeros, and the sum of the coefficients of the function
f(x) = ax? + bz + c are equal. Their common value must also be which of the following?

(A) the coefficient of z? (B) the coefficient of x (C) the y - intercept of the graph of y =
f(x) (D) one of the x - intercepts of the graph of y = f(z) (E) the mean of the x - intercepts of the graph «

f(x)

For each positive integer n, let S(n) denote the sum of the digits of n. For how many values
of nis n+ S(n) + S(S(n)) = 20077
A1 B2 (€3 (D)4 (E)S

Square ABCD has area 36, and AB is parallel to the x-axis. Vertices A, B, and C are on
the graphs of y = log, z, y = 2log, z, and y = 3log, x, respectively. What is a?
AV B+V3 (O)V6 D)VE (E)6

For each integer n > 1, let F'(n) be the number of solutions of the equation sinx = sinnz on
the interval [0, 7]. What is Y 220 F(n)?
(A) 2,014,524 (B) 2,015,028 (C) 2,015,033 (D) 2,016,532 (E) 2,017,033
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Call a set of integers spacy if it contains no more than one out of any three consecutive
integers. How many subsets of {1,2,3,...,12}, including the empty set, are spacy?

(A)121  (B)123 (C)125 (D)127 (E) 129

%% CDADD DCCBA DEBCE CBDEB ADADE
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2008 AMC 12A Problems

Problem 1

A bakery owner turns on his doughnut machine at 8:30 AM. At 11:10 AMthe
machine has completed one third of the day's job. At what time will the doughnut
machine complete the job?

(A) 1:50 PM (B) 3:00 PM (C)3:30 PM (D) 4:30 PM (E) 5:50 PM

Solution

The machine completes one-third of the job in 11:10 — 8:30 = 2:40hours. Thus,
the entire job is completed in 3-(2:40) = 8:00n0urs.

Since the machine was started at 8:30 AM, the job will be finished 8hours later, at
4:30 PM. The answer is (D),

Problem 2
12
What is the reciprocal of 2 = 3?
6 7 5 [
W: ®: ©> M3 ®]

Solution

—-1 =1 -1
1 2 3 4 T ]
(3+3) -(&+3) -(G) -7=4

Problem 3

2
Suppose that 3of 10bananas are worth as much as 8oranges. How many oranges

1
are worth as much as 2of Sbananas?
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)
W2 @5 (©3 @Oz (B4
Solution
E 10 bananas = 8 oranges
If 3 N '8 "~ then
8 oranges

% - 5 bananas = (% -5 ba_uanaﬁ) - (% 10 bananaﬂ) = 3 oranges — {C')

Problem 4
Which of the following is equal to the product
§ E E dn + 4 2008 ,
4 8 12 an 2004

(A) 251 (B)502 (C)1004 (D) 2008  (E) 4016

Solution

Solution 1

8 12 16 4n+4 2008 1

48 12777 4n 2004 4
52 = B.

8 12 dn 2004
8 12 4n 2004

Solution 2

Notice that everything cancels out except for 2008in the numerator and 4in the
denominator.

2008
Thus, the productis 4 , and the answer is (B}

Problem 5
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2r =

Suppose that 3 Bis an integer. Which of the following statements must be true

about x?

(A) It is negative. (B) It is even, but not necessarily a multiple of 3.
(C) It is a multiple of 3, but not necessarily even.

(D) It is a multiple of 6, but not necessarily a multiple of 12.

(E) It is a multiple of 12.

Solution
% s _ ez _ % _ oz oz
3 6 6 § 6 2For 2to be an integer, rmust

be even, but not necessarily divisible by 3. Thus, the answer is {B}

Problem 6

Heather compares the price of a new computer at two different stores. Store
Aoffers 15%0ff the sticker price followed by a $90rebate, and store Boffers
25%0ff the same sticker price with no rebate. Heather saves $15by buying the
computer at store Adinstead of store B. What is the sticker price of the computer, in
dollars?

(A) 750 (B) 900 (C) 1000 (D) 1050 (E) 1500

Solution

Solution 1

Let the sticker price be :r.
The price of the computer is 0.85x — 90at store A4, and ().75xat store B.
Heather saves $19at store A, so 0.85x — 90 + 15 = 0.75x,

Solving, we find & = 750, and the thus answer is {A)

Solution 2
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The $90in store Ais $15better than the additional 10%off at store B.

Thus the 10%off is equal to $90_3%15_375, and therefore the sticker price is $750.

Problem 7

While Steve and LeRoy are fishing 1 mile from shore, their boat springs a leak, and
water comes in at a constant rate of 10 gallons per minute. The boat will sink if it
takes in more than 30 gallons of water. Steve starts rowing toward the shore at a
constant rate of 4 miles per hour while LeRoy bails water out of the boat. What is the
slowest rate, in gallons per minute, at which LeRoy can bail if they are to reach the
shore without sinking?

(A)2 (B)4 (C)6 (D)8 (E)10

Solution
1
It will take 4of an hour or 19minutes to get to shore.
30 _
Since only 3{lgallons of water can enter the boat, only 15 net gallons can enter

the boat per minute.

Since 10gallons of water enter the boat each minute, LeRoy must bail

10 — 2 = Bgallons per minute = (D),

Problem 8

What is the volume of a cube whose surface area is twice that of a cube with volume
1?

(A)vV2 (B)2 (C)2v2 (D)4 (E)8

Solution

A cube with volume lhas a side of length ‘fﬁ = land thus a surface area of

6-12 =6,
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A cube whose surface area is 6 - 2 = 12has a side of length 6 and a

volume of {ﬁf =2V2= (C),

Problem 9

Older television screens have an aspect ratio of 4 : 3. That is, the ratio of the width
to the height is 4 : 3. The aspect ratio of many movies is not 4 : 3, so they are
sometimes shown on a television screen by "letterboxing" - darkening strips of
equal height at the top and bottom of the screen, as shown. Suppose a movie has an
aspect ratio of 2 : land is shown on an older television screen with a 27-inch
diagonal. What is the height, in inches, of each darkened strip?

A2 (B)22 (C)25  (D)27 (E)3

Solution

Let the width and height of the screen be 4xand 3xrespectively, and let the width
and height of the movie be 2yand Yrespectively.

7 7 B
By the Pythagorean Theorem, the diagonal is \/{35'"} + (42)? =5z =27 ¢,

27
Tr=—

5.

Since the movie and the screen have the same width, 24 =4r = y = 2z

3Jr—y 3dr—-2r =z 27
Thus, the height of each stripis 2 2 2 10 ( )

Problem 10

Doug can paint a room in 2hours. Dave can paint the same room in Thours. Doug
and Dave paint the room together and take a one-hour break for lunch. Let tbe the
total time, in hours, required for them to complete the job working together,
including lunch. Which of the following equations is satisfied by £?
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){t—i—l}:l (B) (%+%)t+1=1 (C) (%+%)t=1

1 1
5 7
{D](%—I—%){t—l}:l (E) 64+T)t=1

Solution

1 1

Doug can paint 5of a room per hour, Dave can paint Tof a room in an hour, and the

time they spend working together is t — 1,

11
g+?){t—1)=1:-{1:1)

Since rate times time gives output, (

Problem 11

Three cubes are each formed from the pattern shown. They are then stacked on a
table one on top of another so that the 13visible numbers have the greatest possible
sum. What is that sum?

(A)154 (B)159 (C)164 (D) 167  (E) 189

Solution

To maximize the sum of the 13faces that are showing, we can minimize the sum of
the numbers of the 5faces that are not showing.

The bottom 2cubes each have a pair of opposite faces that are covered up. When
the cube is folded, (1, 32); (2, 15}; and {LL 8‘)are opposite pairs. Clearly

4 + 8 = 12has the smallest sum.

The top cube has 1 number that is not showing. The smallest nhumber on a face is

1.
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So, the minimum sum of the Bunexposed facesis 2 -12 + 1 = 25, Since the sum of
the numbers on all the cubes is 3(32 +16+8+4+2+ 1] = 189, the maximum

possible sum of l3visible numbers is 189 — 25 = 164 = C.

Problem 12

A function fhas domain [ﬂ? 2]and range [D? 1]. (The notation [ﬂ*b]denotes

{fr:a<e< b}.) What are the domain and range, respectively, of the function
ddefined by 9(x) =1— f(z+1)

(ﬁ) [—1,1],[*1,0] (B] ’_1511?’0? 1] (C) [0?21?’_1?0] {D) [1?3]?[_'150] (E] ’1,3],’0,1]
Solution

Q{x}is defined if f'[l' + 1}'is defined. Thus the domain is all

rlr+1€(0,2] » ze[-1,1]

since f(z +1) €[0,1] —f(z+1) € [~1,0] s

g(x) =1— f(z+1) € [0,1}s the range of g(=).

Thus the answer is [_1'-111- ['D?I] = B.

Problem 13

Points Aand Blie on a circle centered at 0, and £AQB = 60°. A second circle is
internally tangent to the first and tangent to both (J4and OB. What is the ratio of
the area of the smaller circle to that of the larger circle?

W ®5 ©F O ®;
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Solution

Let Fbe the center of the small circle with radius r, and let be the point where
the small circle is tangent to (4. Also, let C'be the point where the small circle is
tangent to the big circle with radius F.

Then PQO0js 5 right triangle, and a 30 — 60 — 90triangle at that. Therefore,
OP =2PQ

Since OP =0C — PC=0C —r =R —r, we have B— 1 =2PQ o
1 T

R—-r=2ror3 R

1 1::-B

Then the ratio of areas will be gsquared, or 9

Problem 14

What is the area of the region defined by the inequality |32 — 18| + [2y + 7| <3,

(A)3  (B) (€4 (D) (E)5

bl | =1
[ ) ]

Solution
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Area is invariant under translation, so after translating left fiand up 3f2units, we
have the inequality

13z + |2y| < 3

which forms a diamond centered at the origin and vertices at (+1, {]]7 (0, :H-5].

1
A= §r_‘f1r_‘fgl ;

Thus the diagonals are of length 2and 3. Using the formula he

L@)3) =3 (A)

answer is 2 .

Problem 15

Let k = 20087 + 22°°% \hat is the units digit of k> + 2°2

(Ao (B)yz (C)4 (D) 6 (E) 8
Solution
k=2008% +22% =82+ 2' =4+ 6=0 (mod 10),

2 _
So, k* =0 (mod 10) gjnce k = 20082 + 22098 , multiple of four and the units

k _ od _
digit of powers of two repeat in cycles of four, 2 = 2 =6 (mod 10),

2, ok _ _
Therefore, k" + 2" =0+6=06 (mod 10) g4 the units digit is 6 = D.

Problem 16

3,7 5512 8415
The numbers 10&(a™b ), log(a®b ), and 108(a”b " )are the first three terms of an

2th

arithmetic sequence, and the 12"%erm of the sequence is lng“_ What is n?

(A)40 (B)S6 (C)76 (D)112  (E) 143

Solution
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Solution 1

Let A = log(a)yng B = log(b),

The first three terms of the arithmetic sequence are 34 + 7B, 54 4+ 128, and
8A + 158, and the 12*"term is nB.

Thus, 2(5A + 12B) = (34 + 7B) + (8A + 15B) = A = 2B,

Since the first three terms in the sequence are 138, 228, and 315, the kth term
is (9K +4}B.

Thus the 12%Ptermis (9-12+4)B=112B=nB=n=112= D

Solution 2

337 512 815
1f log(a™b ), log(a™b ), and 108(a”b"")are in arithmetic progression, then a°b’,
{:F‘bm, and ﬂﬂblﬁare in geometric progression. Therefore,

a’t® =a®h? = a=1

Therefore, a°b’ = b3 a®h'? = b??, therefore the 12th term in the sequence is

b'lﬂ %11 — bi'lﬁ = D

Problem 17

Let @1.42,...be a sequence determined by the rule @n = An-1/2if an_1is even

and @n = 3an-1 + Lif an_1is odd. For how many positive integers @1 = 2008js it
true that e1is less than each of d2, @3, and @247

(A)250 (B)251 (C)s501  (D)502  (E)1004

Solution

All positive integers can be expressed as 4n, 4n + 1, 4n + 2, or 4n + 3, where
1iS @ nonnegative integer.
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4n
a2 = — = 2n << @

If a1 = 4n, then 2

Ifai =4n + 1 then 42 =3(4n +1)+1=12n+ 4

If a1 =4n + 2, then a2 =2n+ 1 < ay,
If a1 = 4n + 3, then 92 = 3(4n +3) + 1 =12n + 10
aﬂzﬁzﬁfwa’and as=3(6n+5)+1=18n+ 16

Since 12n + 10, 6n +5,18n + 16 > 4n + 3 every positive integer
a1 = 4n + 3will satisfy @1 < @2,a3, G4,

Since one fourth of the positive integers @1 < 2008can be expressed as 4n + 3,

l-iﬁDDBzSﬂE::-D

where mnis a nonnegative integer, the answer is 4

Problem 18

Triangle ABC', with sides of length b, 6, and 7, has one vertex on the positive
r-axis, one on the positive ¥-axis, and one on the positive z-axis. Let (Jbe the
origin. What is the volume of tetrahedron (XABC™?

(A) V85  (B)V90o (C)v95 (D)10  (E) V105

Solution
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'\-\.
=1

Without loss of generality, let Abe on the xaxis, Bbe on the ¥axis, and Cbe on
the zaxis, and let AB. BC,CApave respective lengths of 5, 6, and 7. Let
a, b, edenote the lengths of segments 0A, 0B, Oc:-respectively. Then by the
a® + b =52,
b+ =62,
Pythagorean Theorem, A +a’ = 72?50 a® = {52 + 7% - 52}};2 = 19. similarly,
b? = Band ¢ = 30. Since 0OA, OB, and ©@Care mutually perpendicular, the

abe/6 = vVa?b?e? [6 = —“19;’3” =95

. H . .
tetrahedron's volume is which is

answer choice C. B

Problem 19
2 a7 . 2 144 2
In the expansion of (1+:r—|—:r: +--tr ) (1—"3'—"‘?: to-tx ) ‘what is
the coefficient of :I:EH?
(A) 195 (B) 196 (C) 224 (D) 378 (E) 405
Solution
Let 4= {1+‘r+3’2+"'+3"“)and B = {1+‘T’+:""2+"'+$2?). We are

expanding A- A - B.

Since there are 1dterms in A, there are 152 = 22bways to choose one term from

each A. The product of the selected terms is x"'for some integer nbetween (Jand

28 —mn.

28inclusive. For each ™ # 'D, there is one and only one in B. Since there is
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only one way to choose one term from each .4to get a product of .rn, there are
225 — 1 = 224ways to choose one term from each Aand one term from Bto get a
product of 2%, Thus the coefficient of the > term is 224 = C.

Problem 20

Triangle ABChas AC = 3, BC =4, and AB = 5. Point Dis on AB, and
(" Dbisects the right angle. The inscribed circles of A ADCand £ BC Dhave radii

Taand Th, respectively. What is Ta [Ty

1 3 1 5
(A) % (m - v’i) ®) = (m - \/5) ©) 5 (10 - \/5) D) = (10 - ﬁ)
(B) 5 (10-v2)
Solution
A
g
D
O‘_l'l
3
E_EI
OBI
@ sinf = 2
e, 45 = B
4
BD _5-BD __ - 2
By the Angle Bisector Theorem, 4 3 7 By Law of Sines on
BD  CD 20/7 CD 122

- — - =';,u i :r' GD
ABCD, sind45°  sin/ZB Vv2/2  3/5 T Since the area
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of a triangle satisfies [A] = TS where r =the inradius and & =the semiperimeter,

T4 _ [ACD)] - sg
wehave B [BCD|-sagince AACDand ABC Dshare the altitude (to AB),

[ACD] AD 3

their areas are the ratio of their bases, or [BGD] BD dThe semiperimeters

M_(3+_+%),g_w+_w tey
are

T 7 8p =
and ¢ 7 . Thus,

ra _|ACD]-sg _ 3 (24+6v2)/7
rg  |BCD]-sa 4 (18 46y2)/7

3(4+v2) (3-2
( ) 2814:] v2)=(E) =

43+v2) \3-2

Problem 21

ai,az, as, a4, as)of (1,2, 3, 4, 5)is heavy-tailed if

A permutation (
ai + az < a4 +as, What is the number of heavy-tailed permutations?

(A) 36 (B) 40 (C) 44 (D) 48 (E) 52

Solution

There are 2! = 120total permutations.

For every permutation (a1,a2, a3, a4, as)sch that a1 + az < as + (5, there is

exactly one permutation such that @1 + @2 > @4 + a@s, Thus it suffices to count the
permutations such that @1 + @iz = 4 + as,

1+4=243 1+5=2+4, and 2+ 5 =3 + 4are the only combinations of
numbers that can satisfy @1 + @2 = @4 + as,

There are Jcombinations of numbers, 2possibilities of which side of the equation is
a1 + asand which side is @4 + @5, and 2% = 4possibilities for rearranging
al.a2and @4: 45, Thus, there are 3 - 2 - 4 = 24permutations such that

a1 + a2 = a4 + as,
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120 — 24
. . ——— =48=D
Thus, the number of heavy-tailed permutations is 2 .

Problem 22

A round table has radius 4. Six rectangular place mats are placed on the table. Each
place mat has width land length xras shown. They are positioned so that each mat
has two corners on the edge of the table, these two corners being end points of the
same side of length x. Further, the mats are positioned so that the inner corners
each touch an inner corner of an adjacent mat. What is x?

(A)2V5-v3  (B)3 (G}MT_‘@ (D) 2v/3 (E}ﬂ

Solution

Solution 1 (trigonometry)

Let one of the mats be ABC' I}, and the center be (Jas shown:
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Since there are 6mats, ABOC's equilateral. So, BC' = CO = . Also,
Z0CD = Z0CB + ZBCD = 60° + 90° = 150°,

By the Law of Cosines:

—v3+ 37

42=1242-2.1.2-00s(150°) = 2> + 23 -15=0= 2 = 5

2= MT=V3 o

Since xmust be positive, 2

Solution 2 (without trigonometry)

Draw @ Dand JCas in the diagram. Draw the altitude from Oto I’'and call the
intersection F
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As proved in the first solution, ZOCD = 150°. That makes AOCEa

T '3
30 — 60 — 90triangle, so OF = 2and CE = 2

Since AOKE Dis a right triangle,

_ 2
2
(2)s (ﬂf_ﬂﬂ) P ta/E-15-0

2 2

2= VT=V3 o

Solving for xgives 2

Problem 23

The solutions of the equation a2t 62t —dzi— i = Oare the vertices of a

convex polygon in the complex plane. What is the area of the polygon?

o

(A)28 @2t (2 (D)2t (B) 2!

Solution

Looking at the coefficients, we are immediately reminded of the binomial expansion

4
of (@ +1)°,


http://www.artofproblemsolving.com/Forum/code.php?hash=c269e57fc6d3989e04dea637cd025b8dcddb2770&type=2&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=c8d179951864341d14644213086ebb398426ac6a&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=68bfaa70e64d3844405761bbd7b6b2a80b77c814&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=5b0f479d5e92a103804690093ba1a7d96dec4e2d&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=9ecdba95b0a714d9410c787e4a07a1753b6cc609&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=79d010bd820943a91ede20085db7abba11d3acd9&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=3c75d86f24dc77084832b6b6d746f8131a147e67&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=5f50ec6c18975e02d38ff488b6b5f45059fcaebf&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=11f6ad8ec52a2984abaafd7c3b516503785c2072&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=99b7b7a554ecafbd25e8cbb74cdc723a02f64c6b&sid=39ebba975e5145e49d01fd548280ed9e
http://www.artofproblemsolving.com/Forum/code.php?hash=8a89b177bbdbbc2ffdec4d0de230e66a5d0543ed&sid=69cd0f0a1281fef7fe4e4b57083b7aa0
http://www.artofproblemsolving.com/Forum/code.php?hash=c210040d5dbab374c362cdb1a0d8355136671460&sid=69cd0f0a1281fef7fe4e4b57083b7aa0
http://www.artofproblemsolving.com/Forum/code.php?hash=f8631794cebecd236d0b5119893026107bd1a3b5&sid=69cd0f0a1281fef7fe4e4b57083b7aa0

Modifying this slightly, we can write the given equation as:

i . i . m
r+i) =14+1=2%-¢cis — .
( } 4 We can apply a translation of —zand a rotation of

m

_E(both operations preserve area) to simplify the problem: =27

m

Because the roots of this equation are created by rotating 2radians successively

about the origin, the quadrilateral is a square.

1
() ==
We know that half the diagonal length of the square is
2
O
_ =—=23 =70
Therefore, the area of the square is 2 2
Problem 24

Triangle ABChas £C = 60°and BC = 4. point Dis the midpoint of BC. What is
the largest possible value of tan ZBAD?

B g V3 By V3

A &5 @B 5 {C‘-}ﬁ ( }m (E) 1
Solution
7
D/ |
oo A
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Let = C'A. Then tan @ = tan(£BAF — ZDAE) 404 since

tan S BAF = 2v3 tan S DAFE = v3
x — 2and x —1, we have
tan d — L - V3

1+%.%_1‘2—3r+8

With calculus, taking the derivative and setting equal to zero will give the maximum
value of tan #. Otherwise, we can apply AM-GM:

2 _
m=(a:+§)—33_“2”1"§_3=4ﬁ_3
T T *

T < 1
22— 3¢ +8 " 4/2-3
&:tanggi
22— 3z +8 23
V3

= (D)

Thus, the maximum is at 4\/§ -3

Problem 25
A sequence (a1,b1 }, (az, bz j', (as,bs j', .. .of points in the coordinate plane satisfies
{ﬂﬂ { lrbﬂ { 1} = {\/Eﬂn - bﬂ-.- ‘/_3&:1 + 'ﬂn}for n=123,...

Suppose that (@100:b100) = (2,4) what is a1 + b7

1 1 1 1

Solution

This sequence can also be expressed using matrix multiplication as follows:

any1 | V3 -1 fp _ 9 cos 30° —sin 30° n
bast | | 1 43 bn | sin30°  cos 30° bn |
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Thus, (@ni1:bni1)is formed by rotating (@ns bn)counter-clockwise about the origin

by 30°and dilating the point's position with respect to the origin by a factor of 2.
So, starting with {ﬂ'lﬂﬂ?bmﬂ}and performing the above operations 99times in

reverse yields (a1,b1),

Rotating (2: Delockwise by 99 - 30° = 90°%ields (4, =2). A dilation by a factor of

e ) ()
—_— .J-'.' J. = _'.'__ = _'u'__
29 yijelds the point 2097 299 297 298 ]

{1 b — p —
Therefore, 1+ 01 297 298 298

#%¢:. DACBB ADCDD CBBAD DDCCE DCDDD
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. Kim’s flight took off from Newark at 10:34 AM and landed in Miami at 1:18 PMm.
Both cites are in the same time zone. If her flight took h hours and m minutes,
with 0 < m < 60, what ish+m?7

(A)46 (B)47 (C)50 (D)53  (E) 54

1
. Which of the following is equal to 1 + ————7

1+1

@2 ® ©: ™2 ®3

. What number is one third of the way from % to % ?

@, ®5 ©; OL ®:

. Four coins are picked out of a piggy bank that contains a collection of pennies,
nickels, dimes, and quarters. Which of the following could not be the total value
of the four coins, in cents?

(A)15 (B)25 (C)35 (D)45  (E) 55

. One dimension of a cube is increased by 1, another is decreased by 1, and the
third is left unchanged. The volume of the new rectangular solid is 5 less than
that of the cube. What was the volume of the cube?

(A)8 (B)27 (C)64 (D)125 (E) 216

. Suppose that P = 2™ and @ = 3"™. Which of the following is equal to 12™" for
every pair of integers (m,n)?

(A) P’Q  (B) P"Q™  (C) P"Q*™™ (D) P*"Q"  (E) P"Q"

. The first three terms of an arithmetic sequence are 2x — 3, 5 — 11, and 3x + 1
respectively. The nth term of the sequence is 2009. What is n ?

(A)255  (B)502 (C)1004 (D) 1506  (E) 8037



8.

10.

11.

60" AMC 12 A 2009 3

Four congruent rectangles are placed as shown. The area of the outer square is
4 times that of the inner square. What is the ratio of the length of the longer
side of each rectangle to the length of its shorter side?

(A)3 (B)VI0 (C)2+v2 D)2v3 (E)4

Suppose that f(z+3) = 322+ 7z +4 and f(z) = ax®+bx+c. Whatis a+b+c?
Aa-1 ®B®o (©1 M2 (E)3

In quadrilateral ABCD, AB =5, BC' =17, CD =5, DA =9, and BD is an
integer. What is BD 7

ce B

(A)11  (B)12 (C)13 (D)14 (E)15

The figures Fy, F5, F3 and F; shown are the first in a sequence of figures. For
n > 3, F, is constructed from F,,_; by surrounding it with a square and placing
one more diamond on each side of the new square than F,,_; had on each side
of its outside square. For example, figure F3 has 13 diamonds. How many
diamonds are there in figure F5q 7

) O )
) "¢ ¢
¢ ¢ ¢ ‘
» ¢
» s
Fi F F3 Fy

(A) 401  (B)485 (C)58  (D)626 (E) 761



12.

13.

14.

15.

16.

17.

60 AMC 12 A 2009 4
How many positive integers less than 1000 are 6 times the sum of their digits?

(A)0 (B)1 (C)2 (D)4 (E)12

A ship sails 10 miles in a straight line from A to B, turns through an angle
between 45° and 60°, and then sails another 20 miles to C'. Let AC' be measured
in miles. Which of the following intervals contains AC? ?

(A) [400,500]  (B) [500,600]  (C) [600,700] (D) [700,800]
(E) [800, 900]

A triangle has vertices (0,0), (1,1), and (6m,0), and the line y = ma divides
the triangle into two triangles of equal area. What is the sum of all possible
values of m ?

A ®- ©; O ®,

For what value of n is i 4+ 262 + 3i% 4+ - - - + ni™ = 48 + 49; ?
Note: here 1 = /—1.

(A)24 (B)48 (C)49 (D)97 (E) 98

A circle with center C is tangent to the positive - and y-axes and externally
tangent to the circle centered at (3,0) with radius 1. What is the sum of all
possible radii of the circle with center C'?

(A)3 (B)4 (C)6 (D)8 (E)9

Let a + ary +ar? +ar} +--- and a + ary + ar3 + ari + --- be two different
infinite geometric series of positive numbers with the same first term. The sum
of the first series is r1, and the sum of the second series is ro. What is ry + 797

1+5
2

Ao ®5 ©1 (D) (E) 2



18.

19.

20.

21.

22.

23.
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For k > 0, let I, = 10...064, where there are k zeros between the 1 and the 6.
Let N (k) be the number of factors of 2 in the prime factorization of I;. What
is the maximum value of N (k) ?

(A)6 (B)7 (C)8 (D)9 (E)10

Andrea inscribed a circle inside a regular pentagon, circumscribed a circle around
the pentagon, and calculated the area of the region between the two circles.
Bethany did the same with a regular heptagon (7 sides). The areas of the two
regions were A and B, respectively. Each polygon had a side length of 2. Which
of the following is true?

25
—B

7 49
—B
49

5
(A) A= B)A=-B (0)4=B (D)A= B (B)A=_

Convex quadrilateral ABCD has AB = 9 and CD = 12. Diagonals AC and
BD intersect at E, AC = 14, and AAED and ABEC have equal areas. What
is AE?

@, ®% ©I ™Y ®s¢

Let p(x) = 2 + ax? + bz + ¢, where a, b, and ¢ are complex numbers. Suppose
that
(2009 + 90027i) = p(2009) = p(9002) = 0.

What is the number of nonreal zeros of 12 + az® + bz* 4+ ¢?

(AY4 (B)6 (C)8 (D)10 (E)12

A regular octahedron has side length 1. A plane parallel to two of its opposite
faces cuts the octahedron into two congruent solids. The polygon formed by the
intersection of the plane and the octahedron has area ‘ZT\/E, where a, b, and ¢
are positive integers, a and c are relatively prime, and b is not divisible by the

square of any prime. What is a +b+c¢?
(A) 10 (B) 11 (C) 12 (D) 13 (E) 14

Functions f and ¢ are quadratic, g(z) = —f(100 — z), and the graph of ¢
contains the vertex of the graph of f. The four z-intercepts on the two graphs
have z-coordinates x1, x2, T3, and x4, in increasing order, and x3 — x5 = 150.
The value of x4 — 21 is m + n,/p, where m, n, and p are positive integers, and
p is not divisible by the square of any prime. What is m+n+p?

(A)602 (B)652 (C)702 (D)752  (E) 802
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24. The tower function of twos is defined recursively as follows: T'(1) = 2 and
T(n+1) =270 for n > 1. Let A = (T(2009))7°) and B = (T(2009))".
What is the largest integer £ such that

log, log, log, . .. log, B

k times
is defined?
(A) 2009 (B) 2010 (C) 2011 (D) 2012 (E) 2013
25. The first two terms of a sequence are a; = 1 and ay = \% Forn > 1,

a an + a7L+1
2 = .
nr 1- ApnQp41

What is |a2009\ ?

(A)0  (B)2-+3 (C)% D)1 (E)2+3

&4 ACBAD EBADC EBDBD DCBCE CEDEA



2010 AMC 12A Problems and Solution

Problem 1

What is (20 — (2010 — 201)) 4 (2010 — (201 — 20) ),

(A) —4020 (B)0 (C)40 (D)401 (E) 4020

Solution

20 — 2010 + 201 + 2010 — 201 + 20 = 20 + 20 = 40;(C)

Problem 2

A ferry boat shuttles tourists to an island every hour starting at 10 AM until its last
trip, which starts at 3 PM. One day the boat captain notes that on the 10 AM trip
there were 100 tourists on the ferry boat, and that on each successive trip, the
number of tourists was 1 fewer than on the previous trip. How many tourists did the
ferry take to the island that day?

(A) 585 (B)5%4 (C)672 (D)679 (E) 694
Solution

It is easy to see that the ferry boat takes €itrips total. The total number of people
taken to the island is

100 + 99 4 98 + 97 + 96 + 95
= 6(100) — (1 +243+4+5)
— 600 — 15

—[585 (A)

Problem 3

Rectangle ABC'I), pictured below, shares 50%of its area with square EFGH.
AB

Square EFGHshares 20%of its area with rectangle ABC'D. What is AD?
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(A4 (B)5 (C)6 (D)8 (E)10
Solution

Solution 1

let EF =FG=GH=HFE =s5,let ADD) = BC =h,andlet AB =CD ==

0.2.5% =hs
s = bh
0.5 hxr =hs
r=2s = 10h
AB T
2D~ %~ 1O (E)

Solution 2

The answer does not change if we shift Ato coincide with E, and add new
horizontal lines to divide EF&Hinto five equal parts:

3

A=4H B
n -
H [

This helps us to see that 4D = a/%and AB = 2a, where a = EF. Hence
AB 2a

— =—=10
AD  a/d _


http://www.artofproblemsolving.com/Forum/code.php?hash=c8532c8d28463b3738f258e6c71d57b906c69290&type=2&sid=b59c013635c2fa2e8d8621f6e35b81dd
http://www.artofproblemsolving.com/Forum/code.php?hash=b5bd520673f1d16f955fbb4bbaac4432de0d1f7f&sid=b59c013635c2fa2e8d8621f6e35b81dd
http://www.artofproblemsolving.com/Forum/code.php?hash=46de17e5858571b0b606d220d75c64dbb16b5285&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=36ea547dab3f1f894cd175123103b1dc5956195c&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=a119251357b591ae93e7e88fd37d9ec694790808&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/Forum/code.php?hash=fae234da82e7311c4c7c4a4b5c34aaee9dee606b&type=1&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=6dcd4ce23d88e2ee9568ba546c007c63d9131c1b&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=e0184adedf913b076626646d3f52c3b49c39ad6d&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=a7d14baf30ed1bbb37e083945f337a9e349d051e&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=4d9d1931151e55a9ef7e1a4067878a5f06b45e50&type=2&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=22d8ffd14347ca0bea119e16e5e33fc8b8d69993&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=0f524af4a65fc168170f6e2822bb52191e0d929c&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=f1ad05dfa97ba1a1e9ecd3ffb13bae4f3cf3d75b&sid=30cb6711459c5386a3f62bf69a2a8236
http://www.artofproblemsolving.com/Forum/code.php?hash=2bcbeaaea3e05b10f2e5f7ddeb8a523fbd3e8e1b&sid=30cb6711459c5386a3f62bf69a2a8236

Problem 4

If x << (), then which of the following must be positive?

(A) ﬁ (B) —«* (C) -2 (D) -z (BE)Vz

Solution

xis negative, so we can just place a negative value into each expression and find the
one that is positive. Suppose we use —1.

-1

W) =3 =-

1

(B) = —(-1)2 = -1

(C)= -2 =2

() = (-1 =1
(B)= v-1=-1

(D)

Obviously only is positive.

Problem 5

Halfway through a 100-shot archery tournament, Chelsea leads by 50 points. For
each shot a bullseye scores 10 points, with other possible scores being 8, 4, 2, and
0 points. Chelsea always scores at least 4 points on each shot. If Chelsea's next
rnishots are bullseyes she will be guaranteed victory. What is the minimum value for
mn?

(A)38 (B)40 (C)42 (D)« (E)46
Solution

Let kbe the number of points Chelsea currently has. In order to guarantee victory,
we must consider the possibility that the opponent scores the maximum amount of
points by getting only bullseyes.
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k+10n +4(50 — n) = (k —50) +50- 10
6n > 250

2(0)]

The lowest integer value that satisfies the inequality is

Problem 6

A Pﬂiiﬂﬂﬁ"ﬂmﬁ, such as 83438, is a nhumber that remains the same when its digits
are reversed. The numbers xand x + 32are three-digit and four-digit palindromes,
respectively. What is the sum of the digits of x?

(A)20 (B)21 (C)22 (D)23 (E)24
Solution

xis at most 999, so x + 32is at most 1031. The minimum value of x + 32is 1000.

However, the only palindrome between 1000and 1032is 1001, which means that
x + 32must be 1001,

(E) 24]

It follows that ris 969, so the sum of the digits is

Problem 7

Logan is constructing a scaled model of his town. The city's water tower stands 40
meters high, and the top portion is a sphere that holds 100,000 liters of water.
Logan's miniature water tower holds 0.1 liters. How tall, in meters, should Logan
make his tower?

@Wou ®2 (©u D (®4

Solution

! 0 = 1000000

The water tower holds 0.1 times more water than Logan's

miniature. Therefore, Logan should make his tower v/ 1000000 = 100times shorter

- =[]

than the actual tower. This is 100 meters high, or choice (C).

Also, the fact that 1L = 1dm3doesn't matter since only the ratios are important.
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Problem 8

Triangle ABChas AB = 2. AC'. Let Dand Ebe on ABand BC, respectively,
such that £ BAE = ZAC' . Let Fbe the intersection of segments AFand €',
and suppose that ACF Eis equilateral. What is /£ AC B?

(A) 60° (B)75° (C)90° (D) 105°  (E) 120°
Solution

Let /BAE = ZACD ==.

LBCD = LAEC = 60°

LEAC + /FCA+ ZECF + ZAEC = ZEAC + x + 60° + 60° = 180°
LEAC =60° — x
£ZBAC = ZEAC 4+ £BAE = 60° — x + z = 60°

Ac 1
Since AB 2, triangle ABCis a 30 — 60 — 90triangle, so

ZBCA =|90° (C)

Problem 9

A solid cube has side length 3inches. A 2-inch by 2-inch square hole is cut into the
center of each face. The edges of each cut are parallel to the edges of the cube, and
each hole goes all the way through the cube. What is the volume, in cubic inches, of
the remaining solid?

(A)7 (B)8 (C)10 (D)12 (E)15

Solution

Solution 1

Imagine making the cuts one at a time. The first cut removes a box 2 x 2 x 3. The
second cut removes two boxes, each of dimensions 2 x 2 x (.5, and the third cut
does the same as the second cut, on the last two faces. Hence the total volume of all

cutsis 12+ 4 4+ 4 = 20,

33 -20=27-20=[7 (A)

Therefore the volume of the rest of the cube is
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Solution 2

We can use Principle of Inclusion-Exclusion to find the final volume of the cube.

There are 3 "cuts" through the cube that go from one end to the other. Each of these
"cuts" has 2 x 2 x 3 = 12cubic inches. However, we can not just sum their
volumes, as the central 2 x 2 x 2cube is included in each of these three cuts. To
get the correct result, we can take the sum of the volumes of the three cuts, and
subtract the volume of the central cube twice.

Hence the total volume of the cuts is
32x2x3)—22x2x2)=36—16=20

33 -20=27-20=[7 (A)

Therefore the volume of the rest of the cube is

Solution 3

We can visualize the final figure and see a cubic frame. We can find the volume of
the figure by adding up the volumes of the edges and corners.

Each edge can be seen as a 2 x (0.5 x (.bbox, and each corner can be seen as a
0.5 x 0.5 x 0.5box.

1 1
12. 5 +8- 2 =6+1=|7(4)]

Solution 4

First, you can find the volume, which is 27. Now, imagine there are three prisms of
dimensions 2 x 2 x 3. Now subtract the prism volumes from 27. We have -9. From
here we add two times 273, because we over-removed (LOL). Thisis 16 - 9 = 7 (A).

Problem 10

The first four terms of an arithmetic sequence are P, 9, 3p — 4, and 3p + q. what
is the 2010"term of this sequence?

(A) 8041 (B)8M3 (C)8045 (D)8M7  (E) 8049
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Solution

3p — gand 3P + gare consecutive terms, so the common difference is

Bp4aq)—Bp—aq) =2

p+2¢g=9

94+ 2g=3p —gq
g=2
p=209

The common difference is 4. The first term is 5and the 2010*"term is

5+ 4(2009) = 8041 (A)

Problem 11

The solution of the equation T*77 = 8%can be expressed in the form £ = log, 7'

What is &?
Wz ®f ©: ®F ®
Solution

This problem is quickly solved with knowledge of the laws of exponents and

logarithms.
?r+'f — /7
7T & rl'r'.F — R

AN -
Z) 7"
(%)

©) =

Since we are looking for the base of the logarithm, our answer is
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Problem 12

In a magical swamp there are two species of talking amphibians: toads, whose
statements are always true, and frogs, whose statements are always false. Four
amphibians, Brian, Chris, LeRoy, and Mike live together in this swamp, and they
make the following statements.

Brian: "Mike and I are different species."

Chris: "LeRoy is a frog."

LeRoy: "Chris is a frog."

Mike: "Of the four of us, at least two are toads."

How many of these amphibians are frogs?

(A)0O (B)1 (C)2 (D)3 (E)4

Solution

Solution 1

We can begin by first looking at Chris and LeRoy.

Suppose Chris and LeRoy are the same species. If Chris is a toad, then what he says
is true, so LeRoy is a frog. However, if LeRoy is a frog, then he is lying, but clearly
Chris is not a frog, and we have a contradiction. The same applies if Chris is a frog.

Clearly, Chris and LeRoy are different species, and so we have exactly 1frog out

of the two of them.

Now suppose Mike is a toad. Then what he says is true because we already have
2toads. However, if Brian is a frog, then he is lying, yet his statement is true, a
contradiction. If Brian is a toad, then what he says is true, but once again it conflicts
with his statement, resulting in contradiction.

Therefore, Mike must be a frog. His statement must be false, which means that
there is at most ltoad. Since either Chris or LeRoy is already a toad, Brain must be
a frog. We can also verify that his statement is indeed false.

Both Mike and Brian are frogs, and one of either Chris or LeRoy is a frog, so we have

(D)

3frogs total.
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Solution 2

Start with Brian. If he is a toad, he tells the truth, hence Mike is a frog. If Brian is a
frog, he lies, hence Mike is a frog, too. Thus Mike must be a frog.

As Mike is a frog, his statement is false, hence there is at most one toad.

As there is at most one toad, at least one of Chris and LeRoy is a frog. But then the
other one tells the truth, and therefore is a toad.

Hence we must have one toad and three frogs.
Problem 13

2 2 2
For how many integer values of kdo the graphs of & + 4" = K"and Ty = knot
intersect?

(A)o (B)1L (c)2 (D)4 (E)8
Solution

2 2 2
The image below shows the two curves for & = 4. The blue curve is & +y =k ,

which is clearly a circle with radius k, and the red curve is a part of the curve
ry =k,
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In the special case k& = (the blue curve is just the point (0, ﬂ), andas 0-0=10,
this point is on the red curve as well, hence they intersect.

The case k < lis symmetricto & = 0: the blue curve remains the same and the red
curve is flipped according to the raxis. Hence we just need to focus on k = 0.

Clearly, on the red curve there will always be points arbitrarily far from the origin:
for example, as rapproaches 0, Yapproaches oc. Hence the red curve intersects
the blue one if and only if it contains a point whose distance from the origin is at
most k.

At this point we can guess that on the red curve the point where ¥ = ¥is always
closest to the origin, and skip the rest of this solution.

For an exact solution, fix kand consider any point {L y}on the red curve. Its

o2 Y
distance from the originis V & + (k/x) . To minimize this distance, it is enough to
2 R
minimize T~ + {hf;r} . By the Arithmetic Mean-Geometric Mean Inequality we get

2 g2
that this value is at least 2k, and that equality holds whenever ¥ = {h;"x} , l.e.,

r = +vVk.

Now recall that the red curve intersects the blue one if and only if its closest point is
at most kfrom the origin. We just computed that the distance between the origin
and the closest point on the red curve is V/ﬁ Therefore, we want to find all positive
integers ksuch that V2k > k.

Clearly the only such integer is & = 1, hence the two curves are only disjoint for

2(C)

k= land k& = —1. This is a total of values.

Solution 2:

From the graph shown above, we see that there is a specific point closest to the
center of the circle. Using some logic, we realize that as long as said furthest point
is not inside or on the graph of the circle. This should be enough to conclude that the
hyperbola does not intersect the circle.

Therefore, for each value of k, we only need to check said value to determine
intersection. Let said point, closest to the circle have coordinates {5'5-'1 rII3f5ff'}'derived
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from the equation. Then, all coordinates that satisfy

{2 Y )
2?2 + (k/x)? < {ch““”ﬂ}hintersect the circle. Squaring, we find
2 g2 2
r” + {hf;r} = {ﬂrﬂ‘?“‘ﬂtﬂ}}* -After multiplying through by x%and rearranging, we

4 2,2 2 .
find © —x kT + k7 < {'5” ﬁ‘i’u‘litﬂ)ﬂ. We see this is a quadratic in x%and consider
taking the determinant, which tells us that solutions are real when, after factoring:

Dy, 2 .
k(K= — ‘1) > (o r3‘;"ﬂ‘ﬂ'!?f'ﬁ')ﬂWe plot this inequality on the number line to find it is
satisfied for all values except: {_11 0, 1}. We then eliminate 0 because it is

2 2
extraneous as both ¥¥ = Uand = +y~ = Uare points which coincide. Therefore,

2 (C)

there are a total of values.

Problem 14

Nondegenerate /\AB('has integer side lengths, Bilis an angle bisector, AD = 3,
and D = 8. What is the smallest possible value of the perimeter?

(A)30 (B)33 (C)35 (D)36 (E)37

Solution

AB  BC
By the Angle Bisector Theorem, we know that 3 ~ B . If we use the lowest

possible integer values for AB and BC (the measures of AD and DC, respectively),
then AB + BC = AD + DC' = AC, contradicting the Triangle Inequality. If we
use the next lowest values (AB = 6 and BC' = 16), the Triangle Inequality is

satisfied. Therefore, our answer is 6+164+34+8= , or choice (B)

Problem 15

1

A coin is altered so that the probability that it lands on heads is less than §and when

the coin is flipped four times, the probaiblity of an equal number of heads and tails

is 6. What is the probability that the coin lands on heads?
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Solution

Let xbe the probability of flipping heads. It follows that the probability of flipping
tails is 1 — .

The probability of flipping 2Zheads and 2tails is equal to the number of ways to flip it
times the product of the probability of flipping each coin.

(;)rg{l —;1.'}2 = é
622 (1 —x)? = !
] 6
1
(1 —x)? = 36
1
x(l —x) = :I:E

As for the desired probability xboth rand 1 — rare nonnegative, we only need to
consider the positive root, hence

;r{l—:t.'}l=%

b —6r+1=0

&

3+
Applying the quadratic formula we get that the roots of this equation are 6

1 (D) 2=

As the probability of heads is less than i, we get that the answer is 6

)

Problem 16

Bernardo randomly picks 3 distinct numbers from the set

{L 2,3,4,5,6,7.8, g}and arranges them in descending order to form a 3-digit
number. Silvia randomly picks 3 distinct numbers from the set

{L 2,3,4,5,6,7, E"}'and also arranges them in descending order to form a 3-digit
number. What is the probability that Bernardo's number is larger than Silvia's
number?

@) ®x (©: Dn ®2
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Solution

We can solve this by breaking the problem down into 2cases and adding up the
probabilities.

Case 1: Bernardo picks 9. If Bernardo picks a 9then it is guaranteed that his

1
number will be larger than Silvia's. The probability that he will pick a 9is 3.

1

Case 2: Bernardo does not pick 9. Since the chance of Bernardo picking Yis 3, the

2
probability of not picking Yis 3.

If Bernardo does not pick 9, then he can pick any number from lto &. Since
Bernardo is picking from the same set of humbers as Silvia, the probability that
Bernardo's number is larger is equal to the probability that Silvia's number is larger.

Ignoring the 9for now, the probability that they will pick the same number is the
number of ways to pick Bernardo's 3 numbers divided by the number of ways to pick
any 3 numbers.

3! 1

We get this probability to be 8-7-6 56

1 -
1_E Do

Probability of Bernardo's number being greateris 2 112

Factoring the fact that Bernardo could've picked a 9but didn't:

2 55 _ 5
3 112~ 168

1 00 37

3% 163 = | 56 (B)
Adding up the two cases we get 2

Problem 17

Equiangular hexagon ABC D EFhas side lengths AB = CD = EF = land
BC = DE = FA = r. The area of /AACEis T0%of the area of the hexagon.
What is the sum of all possible values of r?
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Solution

It is clear that /A AC Elis an equilateral triangle. From the Law of Cosines, we get

2w
2 _ 2 2 o
that ACT =r"+1" —2roos 3 =ri+r+1 . Therefore, the area of /A Eis
?{ﬁ +r+1)

If we extend BC', IlEand F Aso that F.Adand BCmeet at X, BC'and DD Emeet
at Y, and DEand F.Ameet at Z, we find that hexagon ABC D EFis formed by
taking equilateral triangle XY Zof side length r 4+ 2and removing three equilateral
triangles, ABX, CDYand EFZ, of side length 1. The area of ABCDEFis
therefore

V3

2
4 { +ar+1)

Based on the initial conditions,

NEP ?(ﬁ

4{ +r+1)= m T){:~2+4r+1]

Simplifying this gives us 7> — 6r +1 = 0. By Vieta's Formulas we know that the
(E) 6

sum of the possible value of ris

Problem 18

A 16-step path is to go from {_4a _4}to {‘L 4}with each step increasing either the
x-coordinate or the ¥-coordinate by 1. How many such paths stay outside or on the
boundary of the square —2<r< 2, —2 <y < 23t each step?

(A)92 (B)144 (C)1568 (D) 1698  (E) 12,800
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Solution

Brute Force Solution

The number of ways to reach any point {1' y}on the grid is equal to the number of
ways to reach (r—1, ’U}plus the number of ways to reach (z,y —1), Using this
recursion, we can draw the diagram and label each point with the number of ways to
reach it and go up until we reach the end. Luckily, the figure is not so big that this
is too time-consuming or difficult to do.

For example:

{ ‘-'L? ‘l)
{ 37‘ 4}
(-2, -4) =
(—4,-3) =
(—4,-2) =
(=3, -3) =
{ 21‘ 3}
(-3,-2) =
(-2,-2) =

etc.

(4,4) = 1698 | (D)

We soon reach

Combinatorial Solution 1

By symmetry we only need to count the paths that go through the second quadrant
(x <0, y=0,

For each of these paths, let (a, E)be the first point when it reaches ¥ = 2 Clearly
ae {_4=~ -3, _E}and the previous point on such path has to be {ﬂf 1}.
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()(2)
= 45
Hence for a = —4we get o 2 paths, for a = —3Jwe get
(5) (9) =6-36 = 216
9/ \2 paths, and for a = —2we get

7
(5)(5) —2-28 = sss
5/\2 paths. This gives us 45 + 216 + 588 = 849paths

through the second quadrant, hence the total number of paths is 2 - 849 = 1698,
Combinatorial Solution 2

Each path that goes through the second quadrant must pass through exactly one of
the points (—4: 4) (=3.3) and (—2.2)

2
8
There is exactly lpath of the first kind, paths of the second kind, and
2
8
(2) =28% = T84

Problem 19

paths of the third type. The conclusion remains the same.

Each of 2010 boxes in a line contains a single red marble, and for 1<k < Eﬂlﬂ, the
box in the kthposition also contains kwhite marbles. Isabella begins at the first box
and successively draws a single marble at random from each box, in order. She
stops when she first draws a red marble. Let P{”-}be the probability that Isabella
stops after drawing exactly rtmarbles. What is the smallest value of nifor which

1
F{n) = —2{]1[!?

(A)45 (B)63 (C)64 (D)201 (E) 1005

Solution

L

The probability of drawing a white marble from box kis & + 1. The probability of
1

drawing a red marble from box nis . + 1.
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The probability of drawing a red marble at box mnis therefore

n—1
| k |
n+1 (H k+1) = 2010

k=1

1 l - 1
n+1\n 2010

(n+1)n = 2010

It is then easy to see that the lowest integer value of mthat satisfies the inequality

45 (A) |

is

Problem 20

Arithmetic sequences {“ﬁ)and {bn)have integer terms with
a1 = =1 < az < baand anbn = 2010for some n. What is the largest possible

value of n?

(A)2 (B)3 (C)8 (D)288 (E) 2009

Solution

Solution 1

Since {ﬂn)and {bn)have integer terms with @1 = b1 = 1, we can write the terms of

each sequence as

(an) = {le+1.20+1,3z+1,...}
() = {ly+1.2y+1.3y+1....}

where rand ¥(& = i) are the common differences of each, respectively.

it is easy to see that

an=b, =1 mod (n—1)
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'ﬂ"_ - 1 b:l'l. - 1
Hence, we have to find the largest nsuch that m — 1 and m — 1 are both integers.

The prime factorization of 2010is 2 -3 - 5 - 67. We list out all the possible pairs that
have a product of 2010

(2,1005), (3, 670), (5, 402), (6, 335), (10, 201), (15, 134), (30, 67)

and soon find that the largest n — lvalue is Tfor the pair (15, 134}, and so the

S(C)'

largest mnvalue is

Solution 2

As above, let @n = (n— 1}1’ +1and bn = (n — 1}11 + lfor some 1 =2 <y,

Now we get 2010 = apbyp = (n — l}zry + (n — 1){1’ + 3:") + 1, hence

2009 = (n — 1)((n — D)zy +x + y}. Therefore n — ldivides 2009 = 72 - 41, And

as the second term is greater than the first one, we only have to consider the
options ™ — 1le {1, T, 41}_

For n = 42we easily see that for = ¥ = lthe right side is less than 49and for any

other (, y}it is way too large.

For . = Bwe are looking for (. y)such that 72Y + = +y =2009/7 =T - 41 Note

that * + ¥must be divisible by T. We can start looking for the solution by trying the
possible values for &+ ¥, and we easily discover that for £ + ¥ = 2Zlye get

xy + 3 =41 which has a suitable solution (z,y) = (2, 19).

Hence n = 8is the largest possible mn. (There is no need to check n = 2anymore.)
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Problem 21

6 5 4 3 2
The graph of ¥ = & — 10x” + 292" — 4a” + ax”jies above the line
y = br+ Cexcept at three values of x, where the graph and the line intersect.
What is the largest of these values?

(A)4 (B)5 (Cc)6 (D)7 (E)8
Solution

6 5 4 3 2
The xvalues in which ¥ =& — 102" 4+ 292" — 42 +ax intersect at

y = bx + care the same as the zeros of
y=12"—10z" +202* — 42® +az® — bz — ¢

Since there are Jdzeros and the function is never negative, all 3zeros must be
double roots because the function's degree is fi.

Suppose we let P, 4, and rbe the roots of this function, and let

x® —ux”® 4+ vr — wbe the cubic polynomial with roots P, 4, and r.

(x—p)lx — g)(lz — 1) =2 —url tor—w

{1’_?)2{55—?)2{1'—1")2 =z —102° + 292 —4e* +ar? —br— =0
VIt — 1025 + 292! —dr¥ +ar? —br—c=2" —url +vr—w=0

In order to find \/3'6 — 102 + 292 — 42 + ax? — br — cye must first expand

3 2 2
out the terms of (z7 — ua” + vz — w)”,

'[;1:3 —uzr? +or — ur)2

= 2% — 2uz® + (u? + 2v)z? — (2uv + 2w)e® + (2uw + ) — 2vwx + w?

[Quick note: Since we don't know a, b, and ¢, we really don't even need the last 3
terms of the expansion.]

2u =10
w4+ 20 =29
2uv + 2w =4

u =20

v=2

w=—5

Vat — 1025 + 292t — 43 +ax? —br—c=2° — 527 + 2x + 8
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All that's left is to find the largest root of ° — 522 +2r + 8.
= b4+ 2+ 8= (r—4)(x - 2)(x+1)
(A) 4

Problem 22

What is the minimum value of |1'_ 1| + |2;r - 1| + |3;r - 1| +---+ |119-'1-' - 1|?
(A)49 (B)50 (C)51 (D)52 (E)53

Solution

Solution 1

1

If we graph each term separately, we will notice that all of the zeros occur at 1,

where mis any integer from 1to 119, inclusive.

The minimum value occurs where the sum of the slopes is at a minimum, since it is

easy to see that the value will be increasing on either side. That means the
1

minimum must happen at some .

1
The sum of the slope at = mis
119 m
PORED I
i=m+1 i=1

110 -
=Y i-2) i

i=1 i=1
= —m? — m + 7140

Now we want to minimize —m?> — m + 7140, The zeros occur at —85and 84, which
means the slope is Owhere 1 = 84,85
1 1
= — r=—
We can now verify that both #4and 8byield

19 (A) |
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Solution 2

Rewrite the given expression as follows:

1 1
1z — 1|+ 2 &-g +--- 4119 T

Imagine the real line. For each

1
ne {1? Ty 115'}imagine that there are rnboys standing at the coordinate n. We

now need to place a girl on the real line in such a way that the sum of her distances
from all the boys is minimal, and we need to compute this sum.

Note that there are B =1+2+ --- 4+ 119 =119 - 60 = T140boys in total. Let's
1

label them from 1 (the only boy placed at 1) to B(the last boy placed at 1_15‘

Clearly, the minimum sum is achieved if the girl's coordinate is the median of the
boys' coordinates. To prove this, place the girl at the median coordinate. If you now

move her in any direction by any amount d, there will be Bf?boys such that she

moves daway from this boy. For each of the remaining boys, she moves at most
dcloser, hence the total sum of distances does not decrease.

Hence the optimal solution is to place the girl at the median coordinate. Or, more
precisely, as Bis even, we can place her anywhere on the segment formed by boy

Ji:""f?and boy {Bﬁ} + 1: by extending the previous argument, anywhere on this

segment the sum of distances is the same.

By trial and error, or by solving the quadratic equation z(z +1)/2 =T140/2

1
that boy number Bfgis the last boy placed at 84and the next boy is the one placed

we get

1 |: 1 1 j|
= TE |—=, —
at 85. Hence the given expression is minimized for any 85 84

Common part of both solutions

To find the minimum, we want to balance the expression so that it is neither top nor
119(120) 7140 84(85)  119(120)  84(85)
= = 3070 = = -
bottom heavy. 2{2} 2 2 2 2
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Now that we know that the sum of the first 84 x's is equivalent to the sum of x's 85

1 1

to 119, we can plug either ﬁor ﬁto find the minimum.

Note that the terms @ — lto 832 — lare negative, and the terms 852 — lto
|z —1| + |22 — 1| +--- + |83z — 1]
= (1-z)+( —2z) +---+ (1 —83x)
= 83—-2(1+2+---+83)

1 83-84
= 83 — s 32
83
= 83 - >
_ 8
1192 — lare positive. Hence we get: 2 and
|85z — 1| + |862 — 1| + --- + |1192 — 1|
= (B5x —1) + (86x — 1) + -- - + (1192 — 1)
= x(85 + 86 + --- + 119) — (119 — 84)
1 8485
=% 2 35
85
= 5~ 35
15
2 Hence the total sum of distances is
83 15
2t =%

Solution 3

Given that the minimum exists, we know that we want all s to cancel out. Thus, we
want to find some mnsuch that

1+2434+ ... 4n=(Mn+1)+(n+2)+(n+3) +... + 119, 1t therefore

n{n +1) 119 -120 n(n + 1)
follows that = _ . This gives 7 +n — 7140 =0, from

which it follows that 7 = 84,

There are therefore B4positive ones and 119 — 83 4 1, or 35negative ones, so

84 —35=[49]
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Problem 23

The number obtained from the last two nonzero digits of 9lis equal to n. What is

mn?

(A)12 (B)32 (C)48 (D)52 (E)68
Solution

We will use the fact that for any integer n,

(5n + 1)(5n + 2)(5n + 3)(5n +4) = [(5n 4+ 4)(5n + 1)][(5n + 2)(5n + 3)]
= (25n% + 25n + 4)(25n% + 250 +6) =4-6
=24 (mod25) =-1 (mod 25).

First, we find that the number of factors of 1Uin 90lis equal to

L%J = {%J —184+3=21 p5_ N
2 25 . Let 1021 The nwe want is therefore the last

two digits of N, or &V (mod 10[!)_ If instead we find IV (mod 25), we know that
N (mod 10['), what we are looking for, could be ¥ (mod 25), N (mod 25} + 25,
N (mod 25) + W or N (mod 25) + 75, Only one of these numbers will be a

multiple of four, and whichever one that is will be the answer, because
N (mod 100)has to be a multiple of 4.

If we divide Nby 5%'by taking out all the factors of 5in N, we can write Nas
M
2lwhere M =1-2-3-4-1-6-7-8-9-2..-89- 18,yhere every multiple of 5

is replaced by the number with all its factors of 5 removed. Specifically, every
number in the form 9mis replaced by n, and every number in the form 25mnis
replaced by .

The number Afcan be grouped as follows:
M ={1-2-3-4}{5-T-E-Q]---{BE-ET- 88-89}

(1-2-3.4)(6-7-8.9)...(16 -17- 18)
(1-2-3).

Where the first line is composed of the numbers in 90lthat aren't multiples of five,
the second line is the multiples of five and not 25 after they have been divided by
five, and the third line is multiples of 25 after they have been divided by 25.

Using the identity at the beginning of the solution, we can reduce Adto
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M= (—1)"%. (<1)*(16 - 17-18) - (1. 2. 3)
=1.-21-6
=—1 (mod 25) =24 (mod 25).

10 _
Using the fact that 27 =1024 = —1 (mod 25}'(or simply the fact that

221 = 2097152if you have your powers of 2 memorized), we can deduce that
M 24
221 =9 {Iﬂ'l:ld 25) Therefore N = 921 = ? '[I'ﬂﬂd 25} =12 '[I'ﬂ'l:ld 25)

1=[(a) 12]

Finally, combining with the fact that &V =0 (mod 4)yields !

Problem 24

Let f{x} = log,, {Siﬂ{ﬂ'ﬂf} ‘Sin{zﬂ'f} '5111{3“'1') . ‘Siﬂ{gﬂ'ﬂf}). The intersection of

the domain of f{v’f)with the interval [[L 1]is a union of mdisjoint open intervals.
What is n?

(A)2 (B)12 (C)18 (D)2 (E)36
Solution

The question asks for the number of disjoint open intervals, which means we need
to find the number of disjoint intervals such that the function is defined within them.

We note that since all of the sinfactors are inside a logarithm, the function is
undefined where the inside of the logarithm is equal to or less than (.

First, let us find the number of zeros of the inside of the logarithm.
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sin(mx) - sin(2mx) - sin(3mx) - --sin(8rx) = 0
sin( 'r:r'] 0
=0,1
<;111{2Fra] =10
1
=0,5.1
sin(3wrz) =0
1 2
=0yt
sin(drz) =0
1 2 3
“Orry!

After counting up the number of zeros for each factor and eliminating the excess
cases we get 23zeros and 22intervals.

In order to find which intervals are negative, we must first realize that at every zero
of each factor, the sign changes. We also have to be careful, as some zeros are
doubled, or even tripled, quadrupled, etc.

1 11
=)

The first interval = 8°is obviously positive. This means the next interval ‘8 7’is

negative. Continuing the pattern and accounting for doubled roots (which do not flip

1

sign), we realize that there are Dnegative intervals from (to 2. Since the function is

1

symmetric, we know that there are also onegative intervals from 2to 1.

2-2.5=12 (B)

And so, the total humber of disjoint open intervals is

Problem 25

Two quadrilaterals are considered the same if one can be obtained from the other by
a rotation and a translation. How many different convex cyclic quadrilaterals are
there with integer sides and perimeter equal to 32?

(A) 560 (B)564 (C)568 (D) 1498  (E) 2255
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Solution 1

It should first be noted that given any quadrilateral of fixed side lengths, the angles
can be manipulated so that the quadrilateral becomes cyclic.

Denote , b, ¢, and das the integer side lengths of the quadrilateral. Without loss
of generality, let € = b = ¢c = d,

Since @+ b+ ¢+ d = 32, the Triangle Inequality implies that @ = 15,
We will now split into Dcases.

Case 1: a=b =c = d(4 side lengths are equal)

Clearly there is only lway to select the side lengths (8,8,8, 8}, and no matter how
the sides are rearranged only lunique quadrilateral can be formed.

Case 2: a=b=¢ > dor a > b =c = d(3 side lengths are equal)

If 3side lengths are equal, then each of those side lengths can only be integers from
6to 10except for 8(because that is counted in the first case). Obviously there is still
only lunique quadrilateral that can be formed from one set of side lengths, resulting
in a total of 4quadrilaterals.

Case 3: a = b > ¢ = d(2 pairs of side lengths are equal)

aand bcan be any integer from 9to 19, and likewise cand dcan be any integer from
lto 7. However, a single set of side lengths can form 2different cyclic quadrilaterals

(a rectangle and a kite), so the total number of quadrilaterals for this case is
T2 =14

Case 4&: a=b>¢>dora>b=c>dora>b=>c=d(2 side lengths are
equal)

If the 2equal side lengths are each 1, then the other 2sides must each be 13, which
we have already counted in an earlier case. If the equal side lengths are each 2,
there is lpossible set of side lengths. Likewise, for side lengths of 3there are 2sets.
Continuing this pattern, we find a total of
1+24+3+44+44+5+T+5+4+4+ 3+ 2+ 1 = 45sets of side lengths. (Be
VERY careful when adding up the total for this case!) For each set of side lengths,
there are 3possible quadrilaterals that can be formed, so the total number of
quadrilaterals for this case is & - 45 = 135.
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Case 2: a > b > ¢ > d(no side lengths are equal) Using the same counting

principles starting from @ = 1dand eventually reaching a = 9, we find that the

total number of possible side lengths is 69. There are 4lways to arrange the 4side

lengths, but there is only lunique quadrilatera}l for 4rotations, so the number of
4!

quadrilaterals for each set of side lengths is 4 - . The total number of

quadrilaterals is 6 - 69 = 414,

And so, the total nhumber of quadrilaterals that can be made is
414 +135 +14 + 4+ 1 =568 (C)

Solution 2

As with solution lwe would like to note that given any quadrilateral we can change
its angles to make a cyclic one.

Let @ = b = ¢ = dpe the sides of the quadrilateral.

()

There are \ 3 ways to partition 32. However, some of these will not be
quadrilaterals since they would have one side bigger than the sum of the other three.
()
This occurs when @ = 16 For a = 16, b+ ¢ + d = 16. There are 2 ways to

partition 16. Since acould be any of the four sides, we have counted

() (2) (2) )
2 degenerate quadrilaterals. Similarly, there are 2 , 2 2 for

other values of a. Thus, there are

(3)+((2)+ )+ () = (3) ~4(5) =2 e

erate partitions of 32by the hockey stick theorem. However, for #Fb#e#dor

a=bh ?é C ?é ﬂT, each quadrilateral is counted 4times, 1for each rotation. Also, for

a=b#c= ﬂT, each quadrilateral is counted twice. Since there is lquadrilateral for

which a = b =¢ = d, and Tfor which @ =10 #ec= d there are

2255 — 1 — 2. 7 = 2240quads for which @ # b #Fc#F dor a=b#Fc#d Thys
14+ 74+ 22— =[568]=1(C)

there are 4 total quadrilaterals.
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A cell phone plan costs $20 dollars each month, plus 5 cents per text message sent, plus 10
cents for each minute used over 30 hours. In January Michelle sent 100 text messages and
talked for 30.5 hours. How much did she have to pay?

(A) $24.00  (B) $24.50  (C) $25.50 (D) $28.00  (E) $30.00

There are 5 coins placed flat on a table according to the figure. What is the order of the coins
from top to bottom?
(A) (C,AE,D,B) (B) (C,A,D,E,B) (C) (C,D,E,A,B)
(D) (C,E,A,D,B) (E) (C,E,D,A,B)

A small bottle of shampoo can hold 35 milliliters of shampoo, whereas a large bottle can
hold 500 milliliters of shampoo. Jasmine wants to buy the minimum number of small bottles
necessary to completely fill a large bottle. How many bottles must she buy?

(A)11  (B)12 (C)13 (D)14 (E)15

At an elementary school, the students in third grade, fourth grade, and fifth grade run an
average of 12, 15, and 10 minutes per day, respectively. There are twice as many third graders
as fourth graders, and twice as many fourth graders as fifth graders. What is the average
number of minutes run per day by these students?

(A) 12 (B) & (c) % (D) 13 (E) 14

Last summer 30% of the birds living on Town Lake were geese, 25% were swans, 10% were
herons, and 35% were ducks. What percent of the birds that were not swans were geese?

(A)20 (B)30 (C)40 (D)50 (E) 60
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@ The players on a basketball team made some three-point shots, some two-point shots, and
some one-point free throws. They scored as many points with two-point shots as with three-
point shots. Their number of successful free throws was one more than their number of
successful two-point shots. The team’s total score was 61 points. How many free throws did
they make?

(A)13 (B)14 (C)15 (D)16 (E)17

A majority of the 30 students in Ms. Demeanor’s class bought penciles at the school bookstore.
Each of these students bought the same number of pencils, and this number was greater than
1. The cost of a pencil in cents was greater than the number of pencils each student bought,
and the total cost of all the pencils was $17.71. What was the cost of a pencil in cents?

(A)7 (B)1l (C)17 (D)23 (E) 77

In the eight-term sequence A, B,C, D, E,F,G, H, the value of C is 5 and the sum of any
three consecutive terms is 30. What is A+ H?

(A)17  (B)18 (C)25 (D)26 (E)43

@ At a twins and triplets convention, there were 9 sets of twins and 6 sets of triplets, all from
different families. Each twin shook hands with all the twins except his/her sibling and with
half the triplets. Each triplet shook hands with all the triplets except his/her siblings and
half the twins. How many handshakes took place?

(A)324 (B)441 (C)630 (D)648  (E) 882

A pair of standard 6-sided fair dice is rolled once. The sum of the numbers rolled determines
the diameter of a circle. What is the probability that the numerical value of the area of the
circle is less than the numerical value of the circle’s circumference?

Az Bxp ©F O3 @5

Circles A, B, and C each have radius 1. Circles A and B share one point of tangency. Circle
C has a point of tangency with the midpoint of AB. What is the area inside circle C' but
outside circle A and circle B?

A)s-3 @®3F (©2 MF ([E)1+3

A power boat and a raft both left dock A on a river and headed downstream. The raft drifted
at the speed of the river current. The power boat maintained a constant speed with respect to
the river. The power boat reached dock B downriver, then immediately turned and traveled
back upriver. It eventually met the raft on the river 9 hours after leaving dock A. How many
hours did it take the power boat to go from A to B?

(A)3 (B)35 (C)4 (D)45 (E)5
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Triangle ABC' has side-lengths AB = 12, BC = 24, and AC = 18. The line through the
incenter of AABC parallel to BC intersects AB at M and AC at N. What is the perimeter
of NAAMN?

(A)27 (B)30 (C)33 (D)36 (E) 42

Suppose a and b are single-digit positive integers chosen independently and at random. What
is the probability that the point (a,b) lies above the parabola y = ax? — bx?

Ag B Oz Oz E)y

The circular base of a hemisphere of radius 2 rests on the base of a square pyramid of height
6. The hemisphere is tangent to the other four faces of the pyramid. What is the edge-length
of the base of the pyramid?

Asv2 ®F ©42 M6 ®F

Each vertex of convex pentagon ABCDE is to be assigned a color. There are 6 colors to
choose from, and the ends of each diagonal must have different colors. How many different
colorings are possible?

(A) 2520 (B)2830 (C)3120 (D) 3250  (E) 3750

Circles with radii 1, 2, and 3 are mutually externally tangent. What is the area of the triangle
determined by the points of tangency?

a3 ®3 ©1 M5 ®;
Suppose that |z + y| + |z — y| = 2. What is the maximum possible value of 2% — 6z + y>?
Aa)s @®6 ()7 D8 (E)I
At a competition with IV players, the number of players given elite status is equal to
ol+llogs (N=1)] _ 7

Suppose that 19 players are given elite status. What is the sum of the two smallest possible
values of N7

(A)38 (B)90 (C)154 (D)406 (E) 1024

Let f(x) = ax?®+bx+c, where a, b, and ¢ are integers. Suppose that f(1) =0, 50 < f(7) < 60,
70 < f(8) < 80, and 5000k < f(100) < 5000(k + 1) for some integer k. What is k?
A1 B2 (©)3 (D)4 (E)S5

Let fi(x) = v/1 —z, and for integers n > 2, let f,(x) = fn_1(vVn? —x). If N is the largest
value of n for which the domain of f,, is nonempty, the domain of fy is ¢. What is N + ¢?
(A) —226 (B) —144 (C) —20 (D) 20 (E) 144
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Let R be a square region and n > 4 an integer. A point X in the interior of R is called n-ray
partitional if there are n rays emanating from X that divide R into n triangles of equal area.
How many points are 100-ray partitional but not 60-ray partitional?

(A) 1500  (B) 1560  (C) 2320 (D) 2480  (E) 2500

Let f(z) = 2[2 and g(z) = f(f(z)), where a and b are complex numbers. Suppose that
la] =1 and ¢(g(z)) = z for all z for which g(g(z)) is defined. What is the difference between
the largest and smallest possible values of |b|?

(A)0 (B)v2-1 (C)v3-1 (D)1 (E)2

Consider all quadrilaterals ABC'D such that AB = 14, BC = 9, CD = 7, DA = 12.
What is the radius of the largest possible circle that fits inside or on the boundary of such a
quadrilateral?

(A)v15  (B)v2l  (C)2v6 (D)5  (B)2V7

Triangle ABC has ZBAC = 60°, ZCBA < 90°, BC =1, and AC > AB. Let H, I, and O
be the orthocenter, incenter, and circumcenter of AABC, respectively. Assume that the area
of the pentagon BC'OIH is the maximum possible. What is ZCBA?

(A)60° (B)72° (C)75° (D) 80°  (E)90°

#%%. DEECC ABCBB CDBEA CDDCC ACCCD
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2012 AMC 12A

Problem 1

A bug crawls along a number line, starting at -2. It crawls to -6, then turns around
and crawls to 5. How many units does the bug crawl altogether?

(A)9 (B)11 (C)13 (D)4 (E)15
Solution

Crawling from -2 to -6 takes it a distance of 4 units. Crawling from -6 to 5 takes it

(E) 15

a distance of 11 units. Add 4 and 11 to get

Problem 2

Cagney can frost a cupcake every 20 seconds and Lacey can frost a cupcake every
30 seconds. Working together, how many cupcakes can they frost in 5 minutes?

(A)10 (B)15 (C)20 (D)25 (E)30
Solution

Cagney can frost one in 20 seconds, and Lacey can frost one in 30 seconds. Working

20%30 600
together, they can frost one in 20+30 50 " “seconds. In 300 seconds (5

(D) 25 cupcakes

minutes), they can frost

Problem 3

A box Zcentimeters high, 3centimeters wide, and Hcentimeters long can hold
40grams of clay. A second box with twice the height, three times the width, and the
same length as the first box can hold mgrams of clay. What is n?

(A)120 (B)160 (C)200 (D) 240 (E) 280
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Solution

The first box has volume 2 x 3 x 5 = 30 em?, and the second has volume

(2 x 2) x (3 x 3) x {5) = 180 Cms. The second has a volume that is ftimes

6 x 40 = (D) 240

greater, so it holds grams.

Problem 4

3

In a bag of marbles, 5of the marbles are blue and the rest are red. If the number

of red marbles is doubled and the number of blue marbles stays the same, what
fraction of the marbles will be red?

@W: ®: ©: O: ®

ol s

4
5

Solution

Assume that there are 5 total marbles in the bag. The actual number does not
matter, since all we care about is the ratios, and the only operation performed on
the marbles in the bag is doubling.

There are 3 blue marbles in the bag and 2 red marbles. If you double the amount of
red marbles, there will still be 3 blue marbles but now there will be 4 red marbles.

©) 7

Thus, the answer is

Problem 5

A fruit salad consists of blueberries, raspberries, grapes, and cherries. The fruit
salad has a total of 28(pieces of fruit. There are twice as many raspberries as
blueberries, three times as many grapes as cherries, and four times as many
cherries as raspberries. How many cherries are there in the fruit salad?
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(A)8 (B)16 (C)25 (D)64 (E)9%
Solution

So let the number of blueberries be f.the number of raspberries be T:the number
of grapes be #:and finally the number of cherries be «.

Observe that since there are 280pieces of fruit, b+ 1 + g +¢ = 280.
Since there are twice as many raspberries as blueberries, 2b = r.
The fact that there are three times as many grapes as cherries implies, de = g.

Because there are four times as many cherries as raspberries, we deduce the
following: 4r =c.

Note that we are looking for ¢.So, we try to rewrite all of the other variables in

terms of . The third equation gives us the value of gin terms of calready. We
c

T = —.
divide the fourth equation by 4to get that 4 Finally, substituting this value of

-
rinto the first equation provides us with the equation ~ 8and substituting yields:
C C
—+-+dc+ec=280
4 B Multiply this equation by &to get:

2C+C+24:C+BL’:=B'EBD..SE}EZBJEB'D*c:M.IEI

Problem 6

The sums of three whole numbers taken in pairs are 12, 17, and 19. What is the
middle number?

(A)4 (B)5 (C)6 (D)7 (E)S
Solution

Let the three numbers be equal to @, b, and ¢. We can now write three equations:
a+b=12
b+ec=17
a+e=19
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Adding these equations together, we get that
AHa +b+ec) =484

a+b+e=24

Substituting the original equations into this one, we find

c+12 =24
a+ 17 =24
hb+19 =24

(D) 7

Therefore, our numbers are 12, 7, and 5. The middle number is

Problem 7

Mary divides a circle into 12 sectors. The central angles of these sectors, measured
in degrees, are all integers and they form an arithmetic sequence. What is the
degree measure of the smallest possible sector angle?

(A)5 (B)6 (C)8 (D)10 (E)12
Solution

If we let abe the smallest sector angle and rbe the difference between consecutive
sector angles, then we have the angles ¢.& +ra+2r.. a4+ 117, yse the
formula for the sum of an arithmetic sequence and set it equal to 360, the number
of degrees in a circle.

{1+ﬂ2+111"‘12=35ﬂ
2a + 11r =60
_E-D—llr
“= 73

All sector angles are integers so rmust be a multiple of 2. Plug in even integers for

rstarting from 2 to minimize a.We find this value to be 4 and the minimum value of
60 — 11(4
0-10) _rcys

ato be 2
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Problem 8

An iterative average of the numbers 1, 2, 3, 4, and 5 is computed the following way.
Arrange the five numbers in some order. Find the mean of the first two numbers,
then find the mean of that with the third number, then the mean of that with the
fourth number, and finally the mean of that with the fifth number. What is the
difference between the largest and smallest possible values that can be obtained
using this procedure?

Wi ®2 ©F M3 ®

Solution

The minimum and maximum can be achieved with the orders 2,4.3,2, 1and
1.2.3.4.5

9 15 23 31
5*4*3?211:h §1\-3~2«1 = quql = E..].::' E

3 _ 9 25 65
1.2.3.4.5 = ?3*4*:}:- 4—*4*5:‘.- gﬁf}::- 6

6 41 _ 34
16 16 16

(©) 2

The difference between the two is

Problem 9

A year is a leap year if and only if the year number is divisible by 400 (such as 2000)
or is divisible by 4 but not 100 (such as 2012). The 200th anniversary of the birth of
novelist Charles Dickens was celebrated on February 7, 2012, a Tuesday. On what
day of the week was Dickens born?

(A) Friday (B) Saturday (C) Sunday (D) Monday (E) Tuesday
Solution

Each year we go back is one day back, because 365 = 1 (mod 7). gach leap year
we go back is two days back, since 366 = 2 (mod 7). 5 leap year is GENERALLY
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200
every four years, so 200 years would have 4 = 50leap years, but the problem

points out that 1900 does not count as a leap year.

This would mean a total of 150 regular years and 49 leap years, so
1(151) +2(49)- 249days back. Since 249 = 4 (mod T), four days back from

(A) Friday

Tuesday would be

Problem 10

A triangle has area 30, one side of length 10, and the median to that side of length
0. Let #be the acute angle formed by that side and the median. What is sinf?

@35 ®; ©f OF ®

Solution

Solution 1

A D 10 B K

ABis the side of length 10, and ' Dis the median of length 9. The altitude of
C'to ABis 6because the 0.5(altitude)(base)=Area of the triangle. #is ZCDE,
To find sin#, just use opposite over hypotenuse with the right triangle ADCE,

6 2
5= P3|

This is equal to
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Solution 2

It is a well known fact that a median divides the area of a triangle into two smaller
triangles of equal area. Therefore, the area of £BC I} = 13in the above figure.

1 ) _
_ . ) —-2-9-8inf =15 . ) _
Expressing the area in terms of sin#, 2 . Solving for sinfgives

. 2
sino =5[]

Problem 11

Alex, Mel, and Chelsea play a game that has firounds. In each round there is a
single winner, and the outcomes of the rounds are independent. For each round the

1

probability that Alex wins is 2, and Mel is twice as likely to win as Chelsea. What is

the probability that Alex wins three rounds, Mel wins two rounds, and Chelsea wins
one round?

5 1

4) = ® = (O :

D) (®)1

Solution

If mis the probability Mel wins and ¢is the probability Chelsea wins, mz = 2eand

1 1 1
m+c= - . m= - = . _
2. From this we get 3and 6. For Alex to win three, Mel to win
1 1
two, and Chelsea to win one, in that order, is 23-32.6 432, Multiply this by the

6!

number of permutations (orders they can win) which is 312111

1 60
33 0=133=
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A square region AB{C'[}is externally tangent to the circle with equation
2 2
r* +y” = lat the point (0, 1}'on the side €I}, Vertices Aand Bare on the circle
2 2
with equation ¥ + 4~ = 4. What is the side length of this square?
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Solution
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(E)

The circles have radii of land 2. Draw the triangle shown in the figure above and
write expressions in terms of s(length of the side of the square) for the sides of the

triangle. Because A(Jis the radius of the larger circle, which is equal to 2, we can
write the Pythagorean Theorem.

(%)24-{54-1}2:22

1
15.2+52+25+1=4
zsﬁ+zs—3=ﬂ

HsZ +Bs—12 =10

Use the quadratic formula.

-8+ /F—4()(-12)
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Problem 13

Paula the painter and her two helpers each paint at constant, but different, rates.
They always start at 8:00 AM, and all three always take the same amount of time to
eat lunch. On Monday the three of them painted 50% of a house, quitting at 4:00 PM.
On Tuesday, when Paula wasn't there, the two helpers painted only 24% of the
house and quit at 2:12 PM. On Wednesday Paula worked by herself and finished the
house by working until 7:12 P.M. How long, in minutes, was each day's lunch break?

(A)30 (B)36 (C)42 (D)48 (E)60
Solution

Let Paula work at a rate of P, the two helpers work at a combined rate of h, and the
time it takes to eat lunch be L, where Pand hare in house/hours and L is in hours.
Then the labor on Monday, Tuesday, and Wednesday can be represented by the
three following equations:

(8—L)(p+h)=.50
(6.2— L)h =.24
(1.2 - L)p = .26

Adding the second and third equations together gives us
6.2h + 11.2p — L{P + h) = .90, Subtracting the first equation from this new one
16
h =
gives us —1.8h+3.2p = D, and solving for hin terms of Pgives 9°. we

can plug this into the second equation:

{5.2—1,}%;3:.24
9 24 27
(62— L)p = 15 150 = 200

We can then subtract this from the third equation:

27 20 1

P =20~ 556 =500 = 8
_1

Therefore © 40, Plugging this into our third equation then gives us
1 26

(112 - L) 5 = 7
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leads us to the correct answer of

Problem 14

The following problem is from both the 2012 AMC 12A #14 and 2012 AMC
10A #18, so both problems redirect to this page.

The closed curve in the figure is made up of 9 congruent circular arcs each of length
2w

3 , where each of the centers of the corresponding circles is among the vertices of

a regular hexagon of side 2. What is the area enclosed by the curve?

=]

(A)2r+6 (B)2r4+4vV3 (C)3r+4 (D)2r+3vV3+2 (E)n+6V3
Solution

Draw the hexagon between the centers of the circles, and compute its area

{ﬁ){D,E){EJE} = 5@_ Then add the areas of the three sectors outside the
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hexagon (2m) and subtract the areas of the three sectors inside the hexagon () to

(E) =+ 63 '

get the area enclosed in the curved figure {“ + E“‘*@), which is

Problem 15

The following problem is from both the 2012 AMC 12A #15 and 2012 AMC
10A #20, so both problems redirect to this page.

A 3x 3dsquare is partitioned into 9unit squares. Each unit square is painted either
white or black with each color being equally likely, chosen independently and at
random. The square is then rotated 90 “clockwise about its center, and every white
square in a position formerly occupied by a black square is painted black. The colors
of all other squares are left unchanged. What is the probability the grid is now
entirely black?

A5 By ©p s ()

Solution

First, the middle square is always black because it is rotated onto itself. Then we can
consider the corners and edges separately. Let's first just consider the number of
ways we can color the corners. There is lcase with all black squares. There are four
cases with one white square and all 4work. There are six cases with two white
squares, but only the 2with the white squares opposite from each other work.
There are no cases with three white squares or four white squares. Then the total
number of ways to color the cornersis 1 +4 + 2 = 7. In essence, the edges work
the same way, so there are also Tways to color them. The number of ways to fit the
conditions over the number of ways to color the squares is

Tx7
29

49
=|®) 513
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Circle Cihas its center (lying on circle €'2. The two circles meet at Xand Y.
Point Zin the exterior of Cllies on circle C2and XZ =13, 0Z =11, and
YZ = 7. what is the radius of circle €1?

(A)5 (B)v26 (C)3v3 (D)2VT (E)+V30

Solution

Solution 1

Let rdenote the radius of circle C1. Note that quadrilateral ZY OXis cyclic. By
Ptolemy's Theorem, we have 11XY = 13r 4+ Trand XY = 20r/11 | et t be the
measure of angle YOX . Since YO = OX = r, the law of cosines on triangle
Y OX gives us cost = —T9/121 Again since ZY () Xis cyclic, the measure of
angle YZX =180 —t. we apply the law of cosines to triangle ZY X so that

XY?=7"+132 - 2(7)(13) cos(180 — t)_sjnce
c0os(180 — t) = —cost = 79/121 e obtain X Y2 = 12000/121

But XY = 400r2/121 oo that r — V30, LE].

Solution 2

Let us call the rthe radius of circle €1, and Rthe radius of 2. Consider
L0ZXand AOZY . Both of these triangles have the same circumcircle (C2).

T T
- = — =2R
From the Extended Law of Sines, we see that sin/0ZY sin/0ZX .

Therefore, £OZY =2 £0OZX. We will now apply the Law of Cosines to
LA0ZXand AOZY and get the equations

r2=1324+117 -2.13-11- cos LOZX,
r2=1124+7-2.11.7T-cos LOZY,

respectively. Because Z£OZY = /A0OZ X, this is a system of two equations and
two variables. Solving for rgives r = v 30, .
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Let Sbe a subset of {L 2,3,..., 3D}with the property that no pair of distinct
elements in Shas a sum divisible by 9. What is the largest possible size of 57?

(A)10 (B)13 (C)15 (D)16 (E)18
Solution

Of the integers from lto 30, there are six each of 0,1,2,3,4 (mod 5), we can
create several rules to follow for the elements in subset 5. No element can be
1 (mod 5)iff there is an element that is 4 (m0d 5) No element can be

2 (mod 5)igf there is an element that is 3 (mod 5). Ignoring those that are

0 (mod 5}, we can get a subset Swith 12elements. Considering U (mod 5},
there can be one element that is so because it will only be divisible by bif paired

(B) 13]

with another element that is U {mcnd 5). The final answer is

Problem 18

Triangle ABChas AB = 27, AC = 26, and BC = 25. Let Idenote the
intersection of the internal angle bisectors of /A ABC. What is BI?

(A)15 (B)5+v26+3v3  (C)3vV26 (D) %Jﬁ (E) 9v3
Solution

Inscribe circle (7of radius rinside triangle ABC'so that it meets ABat @,
BCat R, and A at 5. Note that angle bisectors of triangle AEBC are

concurrent at the center of circle . Let & = @B y = RUand z = AS. Note
that BR =z, SC =yand AQ = = Hence v+ =27, *+y =29, and
z+y =20 Subtracting the last 2 equations we have x — z = —land adding this

to the first equation we have = = 13.

By Herons formula for the area of a triangle we have that the area of triangle

ABCis \/39{1‘1){13){ 12) . On the other hand the area is given by

(1/2)25r + (1/2)26r +(1/2)27r Then 39 = v/39(14)(13)(12) oy that
r? = 56.
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Since the radius of circle {Jis perpendicular to B{'at K, we have by the
pythagorean theorem BO? = BI? = r? 4 2% = 56 4 169 = 22550 that
BI =105,

Problem 19

The following problem is from both the 2012 AMC 12A #19 and 2012 AMC
10A #23, so both problems redirect to this page.

Problem

Adam, Benin, Chiang, Deshawn, Esther, and Fiona have internet accounts. Some,
but not all, of them are internet friends with each other, and none of them has an
internet friend outside this group. Each of them has the same number of internet
friends. In how many different ways can this happen?

(A) 60 (B)170 (C)290 (D) 320  (E) 660
Solution

Note that if mis the number of friends each person has, then rican be any integer
from lto 4, inclusive.

Also note that the cases of m = land n = 4are the same, since a map showing a
solution for 1 = lcan correspond one-to-one with a map of a solution for n = 4by
simply making every pair of friends non-friends and vice versa. The same can be
said of configurations with = = 2when compared to configurations of = = 3. Thus,
we have two cases to examine, n = land n = 2, and we count each of these
combinations twice.

For n = 1, if everyone has exactly one friend, that means there must be 3pairs of
friends, with no other interconnections. The first person has Schoices for a friend.
There are 4people left. The next person has 3choices for a friend. There are two
people left, and these remaining two must be friends. Thus, there are
15configurations with n =1,

For n = 2, there are two possibilities. The group of fican be split into two groups of
3, with each group creating a "friendship triangle." The first person has
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5]
ways to pick two friends from the other five, while the other three are

forced together. Thus, there are 10triangular configurations.

However, the group can also from a "friendship hexagon", with each person sitting
on a vertex, and each side representing the two friends that person has. The first
person may be seated anywhere on the hexagon WLOG. This person has

D
(2)-"
choices for the two friends on the adjoining vertices. Each of the three

remaining people can be seated "across" from one of the original three people,
forming a different configuration. Thus, there are 10 - 3! = 60hexagonal
configurations, and in total TOconfigurations for n = 2.

As stated before, n = 3has Tlconfigurations, and n = 4has 19configurations.

(B) 170

This gives a total of {Tﬂ + 15} 2= 1r;’rﬂconfigurations, which is option

Problem 20

Consider the polynomial
10 i

F{.L'} = H = {;1,‘2 + Ek) — {I + 1}{1‘2 + 2){£4 + _1) . {Ilﬂg-i + 1'[}31)
k=0

The coefficient of x*"*%s equal to 2%. What is a?

(A)5 (B)6 (C)7T (D)10 (E)24
Solution

Every term in the expansion of the product is formed by taking one term from each
factor and multiplying them all together. Therefore, we pick a power of xror a power
of 2from each factor.

Every number, including 2012, has a unique representation by the sum of powers of
two, and that representation can be found by converting a number to its binary form.

2012 = 111110111002, meaning
2012 = 1024 4+ 512 4+ 256 + 128 +-64 + 16 + 8 + 4.
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Thus, the = term was made by multiplying " from the

1024 . 512
(= + lﬂ?f‘i)factor, 21 2from the (277 + 512}'factor, and so on. The only

numbers not used are 32, 2, and 1.

32 2
Thus, from the (279 432), (=° 4+ 2). (= + 1}'factors, 32, 2, and lwere chosen as
opposed to 1—'32“'1-'2, and .

2012

Thus, the coefficient of the x“"*“termis 32 x 2 x 1 =064 = 2. So the answer is

ﬂ—:-_

Problem 21

The following problem is from both the 2012 AMC 12A #21 and 2012 AMC
10A #24, so both problems redirect to this page.

Problem
Let @, b, and cbe positive integers with Zb = ¢such that
a? — b2 - +ab=2011and a® + 3b* + 3c® — 3ab — 2ac — 2bc = —1997.

What is a?

(A)249 (B)250 (C)251 (D) 252  (E) 253
Solution

Add the two equations.

2a* 4+ 20° + 2¢° — 2ab — 2ac — 2bc = 14,

Now, this can be rearranged:

(a® — 2ab+b2) + (a® — 2ac + %) + (8% — 2bc + *) = 14
and factored:

([a—bP+{a—cP+(b—cf=14

a, b,and care all integers, so the three terms on the left side of the equation must
all be perfect squares. Recognize that 14 =9 +4 + 1,
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2
{ﬂ - C) =9 —=a—c= 3, since a — cis the biggest difference. It is impossible to
determine by inspection whether @ — & = 2or 1, or whether b —¢ = lor 2.

We want to solve for s, so take the two cases and solve them each for an
expression in terms of a. Our two cases are (a, b, '3) =(a,a—1l,a— 3)or
la,a—2,a— 3). Plug these values into one of the original equations to see if we
can get an integer for a.

a’ — {ﬂ - 1)2 - {ﬂ- - 3}2 + ﬂ{ﬂ - 1} = 2['11, after some algebra, simplifies to

Ta = 2021. 2021 is not divisible by 7, so ais not an integer.

The other case gives a® — {ﬂ - 2}'2 - {ﬂ - 3}2 + ﬂ{ﬂ - 2} = EDH, which

(E) 253

simplifies to 8a = 2024, Thus, a = 253and the answer is

Problem 22

Distinct planes P1.P2......Pkintersect the interior of a cube (). Let Sbe the union
k
P = U Pj
of the faces of @and let i=1 . The intersection of Fand Sconsists of the

union of all segments joining the midpoints of every pair of edges belonging to the
same face of &. What is the difference between the maximum and minimum
possible values of k?

(A)8 (B)12 (C)20 (D)23 (E)24

Solution

Problem 23

Let Sbe the square one of whose diagonals has endpoints {D-Lﬂ-ﬂand
(—0.1,-0.7) A point ¥ = (@, Yis chosen uniformly at random over all pairs of real
numbers rand ¥such that 0 <o < 20123nq 0 <y <2012 | ¢t T{"“)be a
translated copy of Scentered at ©. What is the probability that the square region
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determined by T{“}contains exactly two points with integer coefficients in its
interior?

(A) 0125 (B)0.14 (C)0.16 (D)0.25 (E)0.32

Solution

Solution 1

We first notice that for the translated square to contain two points with integer
coordinates (lattice points) in its interior, these two points must be adjacent. This
can be shown by considering the diagonal of &. The diagonal is

V022 + 147 = ‘f@, which is the length of the diagonal of a unit square. Because

S'square is not parallel to the axis, square T{Tf)cannot two points that are not
adjacent.

Because we have showed that the two lattice points contained in T{“}must be
adjacent, let us consider the unit square L7with vertices (0, D:L (L, D)f (1, 1)and

{"l 1). Let us first consider only two vertices, {"l 1j)and {Lﬂ). We want to find the
area of the region within [7that the point ¥ = (2, ¥)will create the translation of g,
T(v)such that it covers both (0:0)and (1.0), By symmetry, there will be three
equal regions that cover the other pairs of adjacent vertices.

For T{Tf)to contain the point {"l ﬂ}, vmust be inside square &. Similarly, for

T{“}to contain the point {Lﬂ}, vmust be inside a translated square Swith center
- I

at {Lﬂ}, which we will call §’. Therefore, the area we seek is Area{'r-" nsns }

1
rnsns’) =z '
To calculate the area, we notice that Area{ ) 2 Area{S ns } by

symmetry. Let 51 = {D.Lﬂ.?}? 53 = (0.7, —D.l}. Sj = {1.1?41?}? .5'5 = (0.3, D.l}_
¥ ¥ r
Let M = {D‘Tf 1:'-‘j‘)be the midpoint of 51 52, and V = {D.T, D-T)along the line
i
5157, Let Tbe the intersection of Sand S'within {7, and .Jbe the intersection of

1 ; 1.,
— SNS )= =|15,J5
Sand S'outside 7. Therefore, the area we seek is 2 Area{ ) 2[ 2 2].

Because ©2.M.,Na|l have zcoordinate 0.7, they are collinear. Noting that the
side length of Sand S'is 1(as shown above), we also see that

SoM = MS) =05 g0 ASINM =2 ASoIM 1t follows that

I8 =NS§; =11-0.7T=0.4,4

IS'2=MSy— MI=MSy —MN =0.5-0.3 =0.2_ Therefore, the area is
1 1

1
" = = i i . —
5 areg S NS) = 5[182782] = 5-0.2-0.4 = 0.04
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Because there are three other regions in the unit square [’that we need to count,
the total area of wwithin U'such that T{“}contains two adjacent lattice points is

0.04 - 4 = 0.16.

By periodicity, this probability is the same if ¥ = {Ea y}, where 0 <o < 20123n¢
[C} 0.16

0 <y <2012, Therefore, the answer is

Note: the ranges of wrand ¥in the problem are arbitrary as long as the maximum
and minimum of the range are integers.

Problem 24

Let {ﬂk}?cilllbe the sequence of real humbers defined by
a1 =0.201,a2 = (0.2011)"* a3 = (0.20101)"2 a4 = (0.201011)* ;14 in

general,

(0.20101 -.-0101 )2~  if k is odd.
ap = k+2 digits
(0.20101 ---01011)*~* i k is even.
k42 digits

2011
Rearranging the numbers in the sequence {ﬂk}k=1 in decreasing order produces a

2011
new sequence 1Pk tk—i. What is the sum of all integers &k, 1 <k < 2011 sych
that ar = bi?

(A) 671  (B) 1006 (C) 1341 (D) 2011  (E)012

Solution

Problem 25

Let f{:r} = |2{1'} - 1|where {x}denotes the fractional part of . The number

riis the smallest positive integer such that the equation "-f(l'f{l'}} = Thas at least
2012 real solutions. What is n? Note: the fractional part of xis a real number

¥ = {=}such that 0 ¥ <land = — vis an integer.
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A

Square ABC Dhas side length 10. Point Eis on BC, and the area of A ABEis 40. What is BE?
(A)4 @B)5 (Cc)6 (D)7 (E)S
B C

B

A D

A softball team played ten games, scoring 1,2,3,4,5,6, 7,8, 9, and 10runs. They lost by one run in
exactly five games. In each of the other games, they scored twice as many runs as their opponent.
How many total runs did their opponents score?
(A)35 (B)40 (C)45 (D)5 (E)55
A flower bouquet contains pink roses, red roses, pink carnations, and red carnations. One third of the
pink flowers are roses, three fourths of the red flowers are carnations, and six tenths of the flowers
are pink. What percent of the flowers are carnations?
(A)15 (B)30 (C)40 (D)60 (E)70

92014 4 92012

What is the value of 22014 _ 22012°

(A) -1 (B)1 (C)g (D) 2013  (E) 240

Tom, Dorothy, and Sammy went on a vacation and agreed to split the costs evenly. During their trip
Tom paid $105, Dorothy paid $125, and Sammy paid $175. In order to share the costs equally, Tom
gave Sammy tdollars, and Dorothy gave Sammy ddollars. What is ¢ — d?

(A)15 (B)20 (C)25 (D)30 (E)35

In a recent basketball game, Shenille attempted only three-point shots and two-point shots. She was
successful on 20%of her three-point shots and 30%of her two-point shots. Shenille attempted
30shots. How many points did she score?

(A)12 (B)18 (C)24 (D)30 (E)36

The sequence 51,852,853, , S10has the property that every term beginning with the third is the
sum of the previous two. That is, Sn = Sn—2 + Sh—1 for n = 3-Suppose that So = 110and

Sy =42, what is S1?

(A)4 (B)6 (C)10 (D)12 (E)16

what is £U?

2 _ 2
Given that xand ¥are distinct nonzero real numbers such that & + = Y + v,

1 1
Wl ® © o: ®:
In AABC, AB = AC = 28and BC = 20. points L. E\and Fare on sides AB, BC, and AC,

respectively, such that I’ Fand E'Fare parallel to AC'and AR, respectively. What is the perimeter
of parallelogram ADEF?
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(9t)s ¥— (11t) . s
(A)48 (B)52 (C)56 (D)60 (E) 72

10 1
Let Sbe the set of positive integers mnfor which whas the repeating decimal representation

0.ab = 0.ababab- - - :with @and hdifferent digits. What is the sum of the elements of 57?
[A) 11 (B) 44 [C) 110 (D) 143 (E) 155

11 Triangle ABClis equilateral with AB = 1. Points Eand Gare on ACand points Dand Fare on
ABsuch that both DEand FGare parallel to BC. Furthermore, triangle AD Eand trapezoids
DFGEand FBCGall have the same perimeter. What is DE + FG?

3 21 13 )
(A)1 (B) o) (C) B (D) 3 (E) 3
12 he angles in a particular triangle are in arithmetic progression, and the side lengths are 4.9.x The

sum of the possible values of xequals @ + \/E + \/Ewhere @, b, and care positive integers. What is

a+b+e?
(A) 36 (B) 38 (C) 40 (D) 42 (E) 44

13 Let points A= (0, D}f B = (1, 2}1 C = (3, 3)*and D = (4, ﬂ). Quadrilateral ABC I}is cut into
equal area pieces by a line passing through A. This line intersects ' Dat point *\4 5./ where these

fractions are in lowest terms. What is P+ ¢+ 1 + 52
(A)54 (B)58 (C)62 (D)70 (E)75

14 The sequence
]'Dg12 152[ ].'Dg-lg :I.', ].'Dg-lg y, ]'Dglﬁ .-'?.-", ].'Dg-lg 12m
is an arithnletic progression. What is x? _
(A) 125v3 (B)270 (C)162v5 (D) 434 (E) 225v6

15 Rabbits Peter and Pauline have three offspring—Flopsie, Mopsie, and Cotton-tail. These five rabbits
are to be distributed to four different pet stores so that no store gets both a parent and a child. It is
not required that every store gets a rabbit. In how many different ways can this be done?
(A)96 (B)108 (C)156  (D)204 (E) 372

16 A, B, (are three piles of rocks. The mean weight of the rocks in 4is 40pounds, the mean weight
of the rocks in Bis ollpounds, the mean weight of the rocks in the combined piles .4and Bis
43pounds, and the mean weight of the rocks in the combined piles Aand Clis 44pounds. What is the
greatest possible integer value for the mean in pounds of the rocks in the combined piles Band ?
(A)55 (B)56 (C)57 (D)58 (E)59

17 A group of 12pirates agree to divide a treasure chest of gold coins among themselves as follows. The

k

.E:"'hpirate to take a share takes 12of the coins that remain in the chest. The number of coins initially
in the chest is the smallest humber for which this arrangement will allow each pirate to receive a
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positive whole number of coins. How many coins doe the l?mpirate receive?
(A) 720 (B)1296 (C) 1728 (D) 1925  (E) 3850

18 Six spheres of radius lare positioned so that their centers are at the vertices of a regular hexagon of
side length 2. The six spheres are internally tangent to a larger sphere whose center is the center of
the hexagon. An eighth sphere is externally tangent to the six smaller spheres and internally tangent
to the larger sphere. What is the radius of this eighth sphere?

@WvI ®; ©2 OV ®2

19 In AABC, AB = 86, and AC = 97. Acircle with center .4and radius .ABintersects BC at points
Band X. Moreover BX and C'X have integer lengths. What is BC'?
[A) 11 (B) 28 [C) 33 [D) 61 [E) T2

20 Let Sbe the set 11:2.3,...,19} For a.b € S define @ > bto mean that either 0 <a — b < 9
b—a > 9 How many ordered triples (. ¥, Z)of elements of Shave the property that & = ¥,
Y= % and z = x?

(A) 810 (B) 855 (C) 900 (D) 950 (E) 988

21 Consider A = 10g(2013 + 1og(2012 +1og(2011 + log(- - - +log(3 + log2) ---)))). which of the
following intervals contains A4?
(A) (log2016. log 2017)

(B) (log 2017, log 2018)
(C) (log 2018, log 2019)
(D) (log 2019, log 2020)
(E) (log 2020, log 2021)

22 A palindrome is a nonnegatvie integer number that reads the same forwards and backwards when

written in base 10 with no leading zeros. A 6-digit palindrome mis chosen uniformly at random. What
n

is the probability that ﬁis also a palindrome?
8 33 [ 9 11
(A) % (B) 100 (C) 20 (D) % (E) 30

23 ABC Dis a square of side length V3 + 1. point Pis on ACsuch that AP = V2. The square region
bounded by ABC Dis rotated 90°counterclockwise with center P, sweeping out a region whose

l{ﬂﬂ' + b)

areais ¢ , where a, b, and care positive integers and ged(a,b,¢) =1 whatis a+ b+ ¢?

(A)15 (B)17 (C)19 (D)21 (E)23

24 Three distinct segments are chosen at random among the segments whose end-points are the
vertices of a regular 12-gon. What is the probability that the lengths of these three segments are the

three side lengths of a triangle with positive area?

553 443 111 81 223
(A) 715 (B) 572 (C) 143 (D) 104 (E) 286

25 o .
Let f : € — Cpe defined by f{z} =z"+iz+ 1 How many complex numbers zare there such

that Im{::) > Uand both the real and the imaginary parts of f{ff}are integers with absolute value at
most 10?
(A) 399 (B)401 (C)413 (D431 (E) 441
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Problem 1

11! — 10!
What is the value of 9! ?

(A) 99 (B) 100 (C) 110 (D) 121 (E) 132
Solution

Problem 2

For what value of z does 10 - 100** = 1000°?

a1 ®B2 ()3 M4+ (E)S

Solution

Problem 3

The remainder can be defined for all real
x

rem(z,y) = % —y HW g
numbers z and ¥ with ¥ 7 0 by Y lwhere L¥ | denotes the greatest

z 3 _2
integer less than or equal to v. What is the value of rem(g, —5),

3 1 3 31
A -3 ® -5 ©0 Oz ®
Solution
Problem 4

The mean, median, and mode of the 7 data values 60, 100, z, 40, 50, 200, 90 gre all equal
to x. What is the value of 2?

(A) 50 (B) 60 (C) 75 (D) 90 (E) 100

Solution

Problem 5

Goldbach's conjecture states that every even integer greater than 2 can be written as the sum
of two prime numbers (for example, 2016 = 13 + 2003). So far, no one has been able to

prove that the conjecture is true, and no one has found a counterexample to show that the
conjecture is false. What would a counterexample consist of?


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_1
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_2
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_3
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_4

(A) an odd integer greater than 2 that can be written as the sum of two prime numbers
(B) an odd integer greater than 2 that cannot be written as the sum of two prime numbers
(C) an even integer greater than 2 that can be written as the sum of two numbers that are n
(D) an even integer greater than 2 that can be written as the sum of two prime numbers
(E) an even integer greater than 2 that cannot be written as the sum of two prime numbers
Solution

Problem 6

A triangular array of 2016 coins has 1 coin in the first row, 2 coins in the second row, 3 coins

in the third row, and so on up to /N coins in the Nth row. What is the sum of the digits of N ?

(A) 6 (B) 7 (C) 8 (D)9 (E) 10

Solution

Problem 7

Which of these describes the graph of (x+y+1)=y’(z+y+1)7

(A) two parallel lines

(B) two intersecting lines

(C) three lines that all pass through a common point

(D) three lines that do not all pass through a common point
(E) a line and a parabola

Solution

Problem 8

What is the area of the shaded region of the given 8 x 5 rectangle?

1 7

7 1
3 1 1
A)47 ®)5  (©)5; (D)6 (B)8

Solution

Problem 9


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_5
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_6
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_7
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_8

The five small shaded squares inside this unit square are congruent and have disjoint interiors.
The midpoint of each side of the middle square coincides with one of the vertices of the other

a=Vv2 "
four small squares as shown. The common side lengthis ~— » , where a and b are positive

integers. Whatis @ + b ?

(A) 7 (B) 8 (C)9 (D) 10 (E) 11
Solution

Problem 10

Five friends sat in a movie theater in a row containing 5 seats, numbered 1 to 5 from left to
right. (The directions "left" and "right" are from the point of view of the people as they sit in the
seats.) During the movie Ada went to the lobby to get some popcorn. When she returned, she
found that Bea had moved two seats to the right, Ceci had moved one seat to the left, and
Dee and Edie had switched seats, leaving an end seat for Ada. In which seat had Ada been
sitting before she got up?

(A)1 B2 (©)3 (D414 (ES5
Solution

Problem 11
Each of the 100 students in a certain summer camp can either sing, dance, or act. Some
students have more than one talent, but no student has all three talents. There

are 42 students who cannot sing, 65 students who cannot dance, and 29 students who
cannot act. How many students have two of these talents?

(A)16 (B)25 (C)36 (D)49 (E) 64
Solution

Problem 12


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_9
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_10
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_11

In AABC, AB =6, BC = 7,and CA = 8. Point D lies on BC,
and AD bisects ZBAC. Point E lies on AC, and BEbisects ZABC'. The bisectors
intersect at F'. What is the ratio AF : F'D?

C

A B

(A) 3:2 (B)5:3 (C)2:1 (D)7:3 (E)5:2
Solution

Problem 13

Let NV be a positive multiple of 5. One red ball and /N green balls are arranged in a line in

3
random order. Let P(N) be the probability that at least 5 of the green balls are on the same

4
side of the red ball. Observe that £(5) = 1 and that P(N)approaches 5 as N grows large.

. . P(N) < 32
What is the sum of the digits of the least value of NV such that 4007

(A) 12 (B) 14 (C) 16 (D) 18 (E) 20
Solution

Problem 14
Each vertex of a cube is to be labeled with an integer from 1 through 8, with each integer
being used once, in such a way that the sum of the four numbers on the vertices of a face is

the same for each face. Arrangements that can be obtained from each other through rotations
of the cube are considered to be the same. How many different arrangements are possible?

(A) 1 (B) 3 (C) 6 (D) 12 (E) 24
Solution

Problem 15

Circles with centers Pa Q and I, having radii 1,2 and 3, respectively, lie on the same side of
/ ! !
line I and are tangentto [ at I, @ and R, respectively, with @ between P’ and R'. The


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_12
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_13
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_14

circle with center @ is externally tangent to each of the other two circles. What is the area of
triangle PQR,

(4) 0 (B)\/g ©1 (D) V-2 (E)\/g

Solution
Problem 16
1
The graphs of y =logsz,y = log, 3,y = log% T and y = log, 3 are plotted on the

same set of axes. How many points in the plane with positive z-coordinates lie on two or more
of the graphs?

(A)2 B)3 ()4 (D)5 (E)6
Solution

Problem 17

Let ABCD be a square. Let E,F,G and H be the centers, respectively, of equilateral

triangles with bases AB,BC,CD, andD A, each exterior to the square. What is the ratio
of the area of square EF'G H to the area of square ABC'D?

w1 ®EL v @23 mv

Solution

Problem 18

For some positive integer ™ the number 110> has 110 positive integer divisors,
including 1 and the number 110n°. How many positive integer divisors does the
number 81n* have?

(A)110 (B)191 (C)261 (D) 325 (E) 425
Solution

Problem 19

Jerry starts at 0 on the real number line. He tosses a fair coin 8 times. When he gets heads,
he moves 1 unit in the positive direction; when he gets tails, he moves 1 unit in the negative

direction. The probability that he reaches 4 at some time during this process
a

is E’ where a and b are relatively prime positive integers. What is @ + b? (For example, he
succeeds if his sequence of tossesis HI'H HH HH H )

(A)69 (B)151 (C)257 (D)293 (E) 313


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_15
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_16
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_17
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_18

Solution

Problem 20

A binary operation < has the properties that ¢ O b c)=(a<b) cang
that @ < @ = 1 for all nonzero real numbers @; 0 and c. (Here the dot . represents the usual

multiplication operation.) The solution to the equation 2016 & (6 ¢ 33) =100 can be
P
written as 4 where P and 4 are relatively prime positive integers. What is P + q?

(A) 109 (B)201 (C)301 (D)3049 (E) 33,601
Solution

Problem 21

A quadrilateral is inscribed in a circle of radius 200\/5- Three of the sides of this quadrilateral

have length 200. What is the length of its fourth side?
(A) 200 (B) 200v/2  (C)200v3 (D) 300v2  (E) 500

Solution

Problem 22

How many ordered triples (z,9,%) of positive integers

satisfy lem(z,y) = 72, lem(z, z) = 600 5,4 lem(y, z) = 900,
(A) 15 (B) 16 (C) 24 (D) 27 (E) 64
Solution

Problem 23

Three numbers in the interval [0? 1] are chosen independently and at random. What is the

probability that the chosen numbers are the side lengths of a triangle with positive area?
1 1 1 g 5

A) - B) - C) - D) - E) -

Wz ®3z ©; M5 @®;

Solution

Problem 24

There is a smallest positive real number a such that there exists a positive real
number b such that all the roots of the polynomial z® — ax? + bx — a are real. In fact, for
this value of a the value of b is unique. What is the value of b7


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_19
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_20
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_21
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_22
http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_23

(A)8 (B)9 (C)10 (D)1l (E)12
Solution

Problem 25

Let £ be a positive integer. Bernardo and Silvia take turns writing and erasing numbers on a
blackboard as follows: Bernardo starts by writing the smallest perfect square with k+1 digits.
Every time Bernardo writes a number, Silvia erases the last kdigits of it. Bernardo then writes
the next perfect square, Silvia erases the last & digits of it, and this process continues until the

last two numbers that remain on the board differ by at least 2. Let f(k) be the smallest

positive integer not written on the board. For example, if k = 1, then the numbers that
Bernardo writes are 16: 25, 36» 49: 64, and the numbers showing on the board after Silvia

erases are 1, 2, 37 4, and 6, and thus f(l) = 5. What is the sum of the digits
of f(2) + f(4) + f(6) + ... + f(2016),

(A) 7986 (B) 8002  (C) 8030 (D) 8048  (E) 8064


http://www.artofproblemsolving.com/wiki/index.php?title=2016_AMC_12A_Problems/Problem_24
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2017 AMC 12B

2017 AMC 12A problems and solutions. The test was held on February 7, 2017.

Problem 1

Kymbrea's comic book collection currently has 30 comic books in it, and she is adding to her
collection at the rate of 2 comic books per month. LaShawn's collection currently has 10 comic
books in it, and he is adding to his collection at the rate of 6 comic books per month. After how
many months will LaShawn's collection have twice as many comic books as Kymbrea's?

(A)1 (B)4 (C)5 (D)20 (E)25

Solution

Kymbrea has 30 comic books initially and every month, she adds two. This can be
represented as 30 + 2z where x is the number of months elapsed. LaShawn's collection,
similarly, is 10 4+ 6x. To find when LaShawn will have twice the number of comic books as

(E) 25|

Kymbrea, we solve for x with the equation 2(2z + 30) = 6z + 10 gpqg get =

Problem2

Real numbers x, ¥, and z satisfy the inequalities 0 < x < 1, —1<y< 0, and1 < z < 2.
Which of the following numbers is necessarily positive?

A)y+a®> @B yt+zz (©Cy+y? My+2® ([E)y+z

Solution

(E) y+ =z

Notice that ¥ + 2 must be positive because 12| > |U]. Therefore the answer is
The other choices:

(A) As z grows closer to 0, x? decreases and thus becomes less than ¥.

(B) z can be as small as possible (x > 0), so xz grows close to 0 as x approaches 0.

(C)Forall =1 <y <0 y >4 and thus itis always negative.

1
——<y<0
(D) The same logic as above, but when 2 4 this time.

1/25
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Problem3
3z+y 5
Supposed that  and ¥ are nonzero real numbers such that £ — 3y . What is the value
x + 3y
of 3T — Y2

(A) -3 (B) -1 ()1 D2 (B)3
Solutions

Solution 1

Rearranging, we find Jx+y=-20+6y ordx =5y — =y Substituting, we can

z+3x 4z
.. = —=|(D) 2
convert the second equation into 3x — x 2x :

Solution 2

Substituting each x and ¥ with 1, we see that the given equation holds true,

3(1) +1 z + 3y

= — 9 —(D) 2
as 1- 3(1) . Thus, 3z — Yy ( )
Problem4

Samia set off on her bicycle to visit her friend, traveling at an average speed of 17 kilometers
per hour. When she had gone half the distance to her friend's house, a tire went flat, and she
walked the rest of the way at 5 kilometers per hour. In all it took her 44 minutes to reach her
friend's house. In kilometers rounded to the nearest tenth, how far did Samia walk?

(A)2.0 (B)22 (C)28 (D)34 (E)44

Solution 1

Let's call the distance that Samia had to travel in total as 2x, so that we can avoid fractions.

We know that the length of the bike ride and how far she walked are equal, so they are
2x T

both 7 or x.She bikes at a rate of 17 kph, so she travels the distance she bikes in 17 hours.
T

She walks at a rate of 5 kph, so she travels the distance she walks in 5 hours. The total time

2/25
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T " r 22x 44 B 11
is 17 5 85 .Thisisequalto 60 15 of an hour. Solving for x, we
22z 112z 1 17

- = — = — Tr=—
have: 85 1585 1530z = 8b66x = 17 6 Since x is the distance of how far
Samia traveled by both walking and biking, and we want to know how far Samia walked to the

(C)238]

nearest tenth, we have that Samia walked about

Problem 5

The data set [65 19, 33, 33, 39,41, 41, 43,51, 57] has median &2 = 40, first

quartile Q1= 33, and third quartile Q3 = 43 An outlier in a data set is a value that is more
than 1.5 times the interquartile range below the first quartle (Ql) or more than 1.5 times the
interquartile range above the third quartile (Qa), where the interquartile range is defined

as @3 — Q1. How many outliers does this data set have?

Ao ®1 (©2 @M3 (E)4

Solution

The interquartile range is defined as @3 — @1, which is 43 — 33 = 10. 1.5 times this value
is 15, so all values more than 15 below @1 = 33; —15 = 18 s an outlier. The only one that
fits this is 6. All values more than 15 above @3 = 43; +15 = 58 gre also outliers, of which

1 (B)

there are none so there is only

Problem 6

The circle having (Oa 0) and (Sa 6) as the endpoints of a diameter intersects the x-axis at a

second point. What is the z-coordinate of this point?

(A)4V/2 (B)6 (C)5v2 (D)8 (E)6vV2

Solution

Because the two points are on a diameter, the center must be halfway between them at the
point (4,3). The distance from (0,0) to (4,3) is 5 so the circle has radius 5. Thus, the equation

of the circle is (& — 4)° + (¥ — 3)* =25,
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2 2
To find the x-intercept, y must be 0, so (x—4)"+(0-3)" = 25

so(@—4)"=16 54—y z=8|D

Problem 7

The functions Sin(Z) and €0s(%) are periodic with least period 2. What is the least period of

the function cos(sin(a:))?

-
A) — B)« C) 2m D) 4m E
(4) 2 (B) (©) (D) (E) The function is not periodic.

Solution

sin(Z) has values 0, 1,0, —1 at its peaks and x-intercepts. Increase them to 0,7/2,0,—7/2,
Then we plug them
into €os(z) cos(0) = 1,cos(m/2) = 0,cos(0) = 1, 54q cos(—7/2) =0

2T
So, cos(sin(z)) js 2

Solution by TheUltimate123 (Eric Shen)

= {(®)

Solution Il

Start by noting that cos(—) = cos(Z). Then realize that under this function the negative sine

values yield the same as their positive value, so take the absolute value of the sine function to
(B)

get the new period. This has period 7, so the answer is surprisingly m

Problem 8

The ratio of the short side of a certain rectangle to the long side is equal to the ratio of the long
side to the diagonal. What is the square of the ratio of the short side to the long side of this
rectangle?

V3-1

(A) *=

VvE—1 V2 V6 —1
2

1
® 5 (© D) 5 (B)
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Solution 1: Cross-Multiplication

Let a be the short side of the rectangle, and b be the long side of the rectangle. The diagonal,
a b

therefore, is Va2 + b2, We can get the equation © v/ + b2 Cross-multiplying, we

2 2 2 4
get av/a® + b2 = b2 Squaring both sides of the equation, we get & (&~ + b°) = b" \which

simplifies to a* + a*b®> — b* = 0. Solving for a quadratic in a2, using the quadratic formula

,  —b® 4 V/bbe a®> -1++/5

a — =
we get 2 which gives us b? 2 . We know that the square of the
ratio must be positive (the square of any real number is positive), so the solution
V5 —1
(©)—;
is

Solution by: vedadehhc

Solution 2: Substitution

Solution by HydroQuantum

Let the short side of the rectangle be a and let the long side of the rectangle be b. Then, the
diagonal, according to the Pythagorean Theorem, is \/m. Therefore, we can write the
equation:

a b

b Ve b2

a?

We are trying to find the square of the ratio of a to b. Let's let our answer, b_2 be k. Then,

squaring the above equation,

a2_k_ b? _b2 b2_1 1
2 a2+ b? a2 bk )
1
e ==
Thus, k ;

Multiplying each side of the equation by k&,
E2=1—k.
Adding each side by & — 1,

5/25
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E+k—-1=0.
Solving for k using the Quadratic Formula,

. —1+/12-4(1)(-1)  -1++5
- 2 2

Since the ratio of lengths and diagonals of a rectangle cannot be negative, and \/5 > 1,

the 4+ symbol can only take on the +. Therefore,

o _1;\/5 _ (C)\/E_ 1
2 2
Problem 9

A circle has center (_10& _4) and has radius 13. Another circle has center (3a 9) and

radius V65. The line passing through the two points of intersection of the two circles has

equation £ + Y = €. What is c?

(A)3 (B)3V3 (C)4v2 (D)6 (E)?

Solution 1

The equations of the two circles

are (£ +10)* + (y +4)* = 169 54 (z — 3)* + (y — 9)* = 65, Rearrange them

to (@ +10)% + (y +4)* — 169 = 0 5ng (z — 3)* + (y — 9)* — 65 = 0 rogpectively.
Their intersection points are where these two equations gain equality. The two points lie on the
line with the equation (z+10)° + (y+4)* — 169 = (z — 3)* + (y — 9)* — 65 \We can

simplify this like the

following.

(x +10)* + (y +4)*> — 169 = (z — 3)* + (y — 9)* — 65 — (z* + 20z + 100) + (y* + 8y + 16) -
26 + 26y +26 =104 - 26 4+ 26y =78 > x+y =3

=[(a)3

_Thus, ©

Solution by TheUltimate123 (Eric Shen)
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Solution 2: Shortcut with right triangles

Note the specificity of the radii, 13 and V65, and that specificity is often deliberately added to

simplify the solution to a problem.

One may recognize 13 as the hypotenuse of the 5-12-13 right triangle and V65 as the

hypotenuse of the right triangle with legs 1 and 8. We can suppose that the legs of these
triangles connect the circles' centers to their intersection along the gridlines of the plane.

If we suspect that one of the intersections lies 12 units to the right of and 5 units above the

center of the first circle, we find the point (_10 +12, -4 + 5) = (2a 1), which is in

fact 1 unit to the left of and & units below the center of the second circle at (3a 9).

=2+1=/[(A) 3

Plugging (2 1) into © + ¥ gives us ©

A similar solution uses the other intersection point, (—5, 8).

Problem10

At Typico High School, 60% of the students like dancing, and the rest dislike it. Of those who
like dancing, 80% say that they like it, and the rest say that they dislike it. Of those who dislike
dancing, 90% say that they dislike it, and the rest say that they like it. What fraction of
students who say they dislike dancing actually like it?

(A) 10%  (B)12% (C)20% (D) 25% (E) %%

Solution

WLOG, let there be 100 students. 60 of them like dancing, and 40 do not. Of those who like

dancing, 20%, or 12 of them say they dislike dancing. Of those who dislike dancing, 90%,
12 12 1

o = 1 — 5 = 25%| (D)

or 36 of them say they dislike it. Thus, 12 +36 48 4

Problem11

Call a positive integer monotonous if it is a one-digit number or its digits, when read from left
to right, form either a strictly increasing or a strictly decreasing sequence. For
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example, 3, 23578, and 987620 are monotonous, but 88, 7434, and 23557 are not. How
many monotonous positive integers are there?

(A) 1024 (B) 1524 (C) 1533 (D) 1536  (E) 2048

Solution 1

Case 1: monotonous numbers with digits in ascending order

()
There are " ways to choose n digits from the digits 1 to 9. For each of these ways,
we can generate exactly one monotonous number by ordering the chosen digits in ascending
order. Note that 0 is not included since it will always be a leading digit and that is not allowed.

Also, ) (the empty set) isn't included because it doesn't generate a number. The sum is

9 9
no( )— ( ) =2° -1 =511,
: n 0
equivalent to

Case 2: monotonous numbers with digits in descending order

5210 (10)
n=1
There are " ways to choose n digits from the digits 0 to 9. For each of these ways,
we can generate exactly one monotonous number by ordering the chosen digits in descending
order. Note that 0 is included since we are allowed to end numbers with zeros.
However, ) (the empty set) still isn't included because it doesn't generate a number. The sum

10 10
E}fo( ) — (0) =21 —1=1023.
is equivalent to " We discard the number 0 since it

is not positive. Thus there are 1022 here.

Since the 1-digit numbers 1 to 9 satisfy both case 1 and case 2, we have overcounted by 9.
511 + 1022 — 9 =|(B)1524

Thus there are monotonous numbers.

Solution 2

Like Solution 1, divide the problem into an increasing and decreasing case:
e Case 1: Monotonous numbers with digits in ascending order.

Arrange the digits 1 through 9 in increasing order, and exclude 0 because a positive integer
cannot begin with 0.

To get a monotonous number, we can either include or exclude each of the remaining 9 digits,
and there are 2° = 512 ways to do this. However, we cannot exclude every digit at once, so
we subtract 1 to get 512 — 1 = 511 monotonous numbers for this case.

e Case 2: Monotonous numbers with digits in descending order.
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This time, we arrange all 10 digits in decreasing order and repeat the process to

find 2'° = 1024 ways to include or exclude each digit. We cannot exclude every digit at once,
and we cannot include only 0, so we subtract 2 to get 1024 — 2 = 1022 monotonous
numbers for this case.

At this point, we have counted all of the single-digit monotonous numbers twice, so we must
subtract 9 from our total.

511 + 1022 — 9 = [(B) 1524

Thus our final answer is

Problem12

What is the sum of the roots of 22> = 64 that have a positive real part?

(A)2 B)4 (C)V2+2V/3 D)2vV2+vV6 (E) (1 +V3)+ (1+ V3)i

Solution 1

The root of any polynomial of the form z™ = a will have all n of it roots will have

magnitude {L/C_L and be the vertices of a regular n-gon in the complex plane (This concept is

known as the Roots of Unity). For the equation 2" =64, itis easy to

see :I:\/§ and :I:’i\/§ as roots. Graphing these in the complex plane, we have four vertices of

a regular dodecagon. Since the roots must be equally spaced, besides \/5 there are four

more roots with positive real parts lying in the first and fourth quadrants. We also know that the
angle between these roots is 30°. We only have to find the real parts of the roots lying in the
first quadrant, because the imaginary parts would cancel out with those from the fourth
quadrant. We have two 30 — 60 — 90 triangles (the triangles formed by connecting the origin
to the roots, and dropping a perpendicular line from each root to the real-axis), both with

V2 V6

hypotenuse \/5 This means that one has base 2 and the other has base 2 . Adding

these and multiplying by two, we get the sum of the four roots as \/5 + \/f_i However, we

(D) 2v2+ V6|

have to add in the original solution of \/5 so the answer is

Solution by vedadehhc
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Solution 2

2% = 64 has a factor of \/5 so we need to remember to multiply our solution below, using

the Roots of Unity. We notice that the sum of the complex parts of all these roots is 0, because
the points on the complex plane are symmetric. The roots

+ .
TZ

01 =) . :
with 7€(2) > 0 grg €,€78, ang 3 by the Roots of Unity. Their real parts

s s
0), + —), &£ =
are cos(0) COS(G) and c08(3). Their sum

3 1
i31+2(§+§)=1+\/§+1:2+\/§

answer is \/5(2 + \/g) =D 2vV2+ V6

Solution by TheUltimate123 (Eric Shen)

. But, remember to multiply by V2. The

Problem 13

In the figure below, 3 of the 6 disks are to be painted blue, 2 are to be painted red, and 1 is to
be painted green. Two paintings that can be obtained from one another by a rotation or a
reflection of the entire figure are considered the same. How many different paintings are
possible?

(A)6 (B)8 (C)9 (D)12 (E) 15

Solution

Looking at the answer choices, we see that the possibilities are indeed countable. Thus, we
will utilize that approach in the form of two separate cases, as rotation and reflection take care
of numerous possibilities. First, consider the case that the green disk is in a corner. This
yields 6 possible arrangements for the 3 blue disks and 2 red disks in the remaining available
slots. Now, consider the case that the green disk is on an edge. This yields 6 more possible
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arrangements for the 3 blue disks and 2 red disks in the remaining available slots. Thus, our
6 =|(D)12

answer is

Problem14

An ice-cream novelty item consists of a cup in the shape of a 4-inch-tall frustum of a right
circular cone, with a 2-inch-diameter base at the bottom and a 4-inch-diameter base at the top,
packed solid with ice cream, together with a solid cone of ice cream of height 4 inches, whose
base, at the bottom, is the top base of the frustum. What is the total volume of the ice cream,
in cubic inches?

(A) 87 (B)ZST’T (C)12r (D) l4m (E)MTW

Solution

Solution 1:
1
: . , —m(2)* x 4
The top cone has radius 2 and height 4 so it has volume 3 .

The frustum is made up by taking away a small cone of radius 1, height 4 from a large cone of

1 1
. . . —m(2)> x 8 — =m(1)* x 4
radius 2, height 8, so it has volume 3 3 :

1 14
~m(16 +32 —4) = |E TW

Adding, we get

Solution by: SilverLion
Solution 2:

Find the area of the cone with the method in Solution 1. The area of the frustrum
2

/4 ( 1 +2) d 281
T —— T =—

447
Adding, we get 3
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Problem 15

Let ABC be an equilateral triangle. Extend side AB beyond B to a point B’ so

that BB’ = 3AB. Similarly, extend side BC beyond C'o a point C” so that CC’ = 3BC,
and extend side C'A beyond A to a point A’ so that AA" = 3C A. What is the ratio of the
area of AA'B'C’ to the area of AABC?

(A)9:1 (B)16:1 (C)25:1 (D)36:1 (E)37:1

Solution 1: Law of Cosines

Solution by HydroQuantum
Let AB = BC = CA = .

Recall The Law of Cosines.

Letting A'B'=B'C' =C'A = Y,

y? = (3z)® 4 (z + 3z)* — 2(3z)(x + 3x)(cos120) =

(3x)*+(42)*—2(3x) (4x)(c0s120) = 9x*4+162°—24x(c0s120) = 25x°4+12x° = 372>,
Since both AABC and AA’'B’C’ are both equilateral triangles, they must be similar due

A'B  BC A [AABCT 37
to AA similarity. This meansthat AB = BC = CA = [AABC] _ 1.

(E)37:1]

Therefore, our answer is

Solution 2: Inspection

Note that the height and base of AA'CC' are respectively 4 times and 3 times that
of AABC. Therefore the area of AA'CC" is 12 times that of AABC.

By symmetry, AA'CC' = AB'AA’" = AC’'BB’. Adding the areas of these three triangles
and AABC for the total area of AA' B'C'gives a ratio of (12 +12+12+1) : 1

(E) 37:1]

or

Solution 3: Coordinates

First we note that A’ B'C’ ~ ABC due to symmetry. WLOG,

1 3
C=(1,0,4A=, (g)
let B = (090) and AB = 1 Therefore, . Using the condition
12/25
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-3 —-3v3

that CC" = 3, we get C’ = (4,0) and 2 2 . It is easy to check

that B'C’ = v/37. Since the area ratios of two similar figures is the square of the ratio of their

(E) 37: 1

lengths, the ratio is

Problem 16

The number 21! = 51,090, 942, 171, 709, 440, 000 has over 60, 000 positive integer
divisors. One of them is chosen at random. What is the probability that it is odd?

1 1 1 1 11
(A) 21 (B) 19 (C) 13 (D) B (E) 21

Solution

If a factor of 21!is odd, that means it contains no factors of 2. We can find the number of
factors of two in 21! by counting the number multiples of 2, 4, 8, and 16 that are less than or
equal to 21.After some quick counting we find that this numberis 10 + 5+ 2 + 1 = 18 Ifthe
prime factorization of 21! has 18 factors of 2, there are 19 choices for each divisor for how
many factors of 2 should be included (Oto 18 inclusive). The probability that a randomly

1
(B) 19
chosen factor is odd is the same as if the number of factors of 2 is 0 which is .

Solution by: vedadehhc

Solution 2

We can write 21! as its prime factorization:21! = 2'® x 3% x 5* x 7% x 11 x 13 x 17 x 19

Each exponent of these prime numbers are one less than the number of factors at play here.

This makes sense; 2'%is going to have 19factors: 20? 21, 22, 218, and the other exponents
will behave identically.

In other

words, 21! has (18 + 1)(9 +1)(4 +1)(3 +1)(1 + 1)(1 + 1)(1 + 1)(1 + 1) factors.

We are looking for the probability that a randomly chosen factor of 21! will be odd--numbers
that do not contain multiples of 2 as factors.

From our earlier observation, the only factors of 21! that are even are ones with at least one
multiplier of 2, so our probability of finding an odd factor becomes the
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following:

Plodd) = number of odd factors O+ DE+D)E+ DA+ D)+ D)1+ 1)1 +1) 1 1
lodd) = number of all factors (18 + 1)(9+ 1)(4+ )3+ )(1+ D1+ DA+ )(1+1)  (18+1) |19

Problem 17

2
A coin is biased in such a way that on each toss the probability of heads is 3 and the

probability of tails is 3. The outcomes of the tosses are independent. A player has the choice
of playing Game A or Game B. In Game A she tosses the coin three times and wins if all three
outcomes are the same. In Game B she tosses the coin four times and wins if both the
outcomes of the first and second tosses are the same and the outcomes of the third and fourth
tosses are the same. How do the chances of winning Game A compare to the chances of
winning Game B?

4

(A) The probability of winning Game A is 81 less than the probability of winning Game B.
2

(B) The probability of winning Game A is 81 less than the probability of winning Game B.

(C) The probabilities are the same.
2

(D) The probability of winning Game A is 81 greater than the probability of winning Game B.
4

(E) The probability of winning Game A is 81 greater than the probability of winning Game B.

Solution

The probability of winning Game A is the sum of the probabilities of getting three tails and

2\° /1\° 8 1 9 27
getting three heads which is 3 3 27 27 27 81 The probability of

winning Game B is the sum of the probabilities of getting two heads and getting two tails

2 /1\2\"  /5\> 25
3) Y\3) ) ~\§) ™=
squared. This gives us . The probability of winning

27 25
Game A is 81 and the probability of winning Game B is ﬁ so the answer is (D)
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Problem18

The diameter AB of a circle of radius 2 is extended to a point D outside the circle so

that BD = 3. Point E is chosen so that D = 5and line E'D is perpendicular to line AD.
Segment AF intersects the circle at a point C' between A and E. What is the area

of AABC?

120 140 145 140 120
39

@)= @ (© D) == (B =

Solution 1

Let O be the center of the circle. Note

EC+CA=FEA=VAD? + DE? = /(2+2+3)% +5: = VT4

that

However, by Power of a

point ,
46

(EC)(EC+CA)=E02—R2= (2-|—3)2—|—52—22=25-|—25—4=46 = (= —
VT4

46 28
AC =VT4 — — = —
. SO V74 V74,
Now
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282 16 - 74 — 282 1184 — 784 20
BC:\/ABQ—ACQ:\/JP——:\/ =\/ =
74 74 74 V74
1

1 20 28 140
LACB =90°,[ABC]=--BC-AC = -+ —= - —= =|(D) —
Since 2 2 V14 VT4 1

Solution 2: Similar triangles with Pythagorean

AB is the diameter of the circle, so ZAC'B is a right angle, and therefore by AA
similarity, AACB ~ NADE.

AC _AB __AC 242 . 38
Because of this, AD  AFE 2+2+3 7?2452 o V74,
BC _AB_ BC _ 4 20
Likewise, D AE 5 V74, so V14,
1 28 20 140
AABC = =" " Y = (D) -
Thus the area of 2 V74 VT4 37 .

Solution 3: Similar triangles without Pythagorean

Or, use similar triangles all the way, dispense with Pythagorean, and go for minimal
calculation:

4 20

BF =5x — = —

DrawBF | EDwithFonAE. X?’ 7.
1 20 40
[AABF| = - Xx4X — = —
2 7 7.

AC :CB : CF =49 : 35 : 25. (7 : 5 ratio applied twice)

49 140

[AABO] = o= [AABF] =| (D) 2=
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Problem19

Let N = 123456789101112. .. 4344 be the 79-digit number that is formed by writing the
integers from 1 to 44 in order, one after the other. What is the remainder when N is divided
by 457

(A)1 (B)4 (C)9 (D)18 (E)44

Solution

We will consider this number mod 5 and mod 9. By looking at the last digit, it is obvious that
the number is = 4 mod 5. To calculate the number mod 9, note that

123456 - - - 4344 = 14243+4+54+64+T+84+9+(1+0)+(1+1)+ - -+(4+3)+(4+4) = 1+2+ - +44 mod 9,
so it is equivalent to
44 - 45

2

Let  be the remainder when this number is divided by 45. We know

=22-45=0mod 9.

that =0 (mod 9) gng z =4 (mod 5), so by the Chinese remainder theorem,

since 9(—1) =1 (mod 5), z =5(0) +9(—1)(4) (mod 5 - 9),

(©)

or®=—36=9 (mod 45) g0 the answer is

Problem 20

Real numbers x and ¥ are chosen independently and uniformly at random from the

interval (0, 1), What is the probability that 11082 ] = 108, %] where L7] denotes the

greatest integer less than or equal to the real number r ?

1 1 1 1 1
A) - B) - C) - D) - E) -
Wz ®; ©7 Oz ®;
Solution

First let us take the case that llog, x| = |log, y| = —1 | this case, both z and ¥ lie in the
1 1

interval [1/2, 1), The probability of thisis 2 2 4. Similarly, in the case
that |log, x| = [log, y] = _2, z and ¥ lie in the interval [1/4; 1/2), and the probability
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1

1 1
is 4 4 16. It is easy to see that the probabilities

for Llogo 2] = 108, ¥] =7 for o0 < n < 0 are the infinite geometric series that starts
1 1

at 4 and with common ratio 4. Using the formula for the sum of an infinite geometric series,
1
= 1

4
=|(D)=
(D)3

1
1—3

we get that the probability is

Problem 21

Last year, Isabella took 7 math tests and received 7 different scores, each an integer between
91 and 100, inclusive. After each test she noticed that the average of her test scores was an
integer. Her score on the seventh test was 95. What was her score on the sixth test?

(A)92 (B)94 (C)9 (D)98 (E) 100

Solution 1

Let us simplify the problem. Since all of Isabella's test scores can be expressed as the sum
of 90 and an integer between 1 and 10, we rewrite the problem into receiving scores
between 1 and 10. Later, we can add 90 to her score to obtain the real answer.

From this point of view, the problem states that Isabella's score on the seventh test was 5. We
note that Isabella received 7 integer scores out of 1 to 10. Since 5 is already given as the

seventh test score, the possible scores for Isabella on the other six tests
are S = 1& 29 35 45 65 7& 89 99 10

The average score for the seven tests must be an integer. In other words, six distinct integers
must be picked from set .S above, and their sum with 5 must be a multiple of 7. The interval
containing the possible sums of the six numbers in S are
froml+24+34+4+64+7=23t04+64+74+8+4+94 10 = 44. We must now find
multiples of 7 from the interval 23 + 5 = 28 to 44 4+ 5 = 49. There are four

possibilities: 28, 35, 42, 49. However, we also note that the sum of the six numbers (besides 5)
must be a multiple of 6 as well. Thus, 35 is the only valid choice.(The six numbers sum to 30.)

Thus the sum of the six numbers equals to 30. We apply the logic above in a similar way for
the sum of the scores from the first test to the fifth test. The sum must be a multiple of 5. The
possible interval is from1+24+3+4+6 =16t0 6 + 7+ 8 + 9 4 10 = 40. Since the
sum of the five scores must be less than 30, the only possibilities are 20 and 25. However, we
notice that 25 does not work because the seventh score turns out to be 5 from the calculation.
Therefore, the sum of Isabella's scores from test 1 to 5 is 20. Therefore, her score on the sixth

10 + 90 = [ (E) 100

test is 10. Our final answer is
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Solution 2

Let n be Isabella's average after 6 tests. 6n+95=0 (mod 7) son =4 (mod 7) The

only integer between 90 and 100 that satisfies this condition is 95. Let m be Isabella's

average after 5 tests, and let a be her sixth test score. dm+a=6-95=0 (mod 5),
so a is a multiple of 5. Since 100 is the only choice that is a multiple of 5, the answer
(E) 100

is

Solution 3

Let T" be the total sum of Isabella's first five test scores, and let S be her score on the sixth
test. It follows that I = 0 (mod 5) T+ S =0 (mod 6) ang 7'+ 5+ 95 =0 (mod 7)
since at each step, her average score was an integer. Using the last

equivalence, r+5=-9%=3 (mod 7), so we have a system of equivalences for T + S.

Solving this using the Chinese Remainder Theorem, we
get T+ 8 = (0)(7)(1) + (3)(6)(—1) = —18 = 24 (mod 42),

Now let's put a bound on T'. Using the given information that each test score was a distinct
integer from 91 to 100 inclusive and that the seventh score was 95, we

get 91 + 92+ 93 4+ 94 + 96 < T < 100 + 99 + 98 + 97 + 96_since T = 0 (mod 5),

we get T = 470, 475, 480, 485, 490, Therefore, T = 8,13,18,23,28 (mod 42)

The last preparation step will involve calculating all the possible test scores (mod 42). Here

they

are:
91 = 7 (mod 42),92 = 8 (mod 42),93 = 9 (mod 42),94 = 10 (mod 42),95 = 11
(mod 42),98 = 14 (mod 42),99 = 15 (mod 42),100 = 16 (mod 42)

. This means that © = 7,8,9,10,12,13,14, 15, 16 (mod 42). Note that 11 is not in the

previous list because it corresponds to a score of 95, which we cannot have.
We musthave I + S = 24 (mod 42), and using the possible values we found for 1" and S,

the only two that sum to 24 are I’ = 8 (mod 42) gng S = 16 (mod 42) This corresponds

to an S value of 100, so the answer is (E)100 }
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Problem 22

Abby, Bernardo, Carl, and Debra play a game in which each of them starts with four coins.
The game consists of four rounds. In each round, four balls are placed in an urn---one green,
one red, and two white. The players each draw a ball at random without replacement.
Whoever gets the green ball gives one coin to whoever gets the red ball. What is the
probability that, at the end of the fourth round, each of the players has four coins?

7 5 1 5 7
(A) =76 (B) 08 (€) 6 (D) T (E) 18
Solution

It amounts to filling in a 4 X 4 matrix. Columns C1 — Cl are the random draws each round;
rows B4 — Rp are the coin changes of each player. Also, let %R 4 be the number of
nonzero elements in Fa.

1

~1
c =7
0

WLOG, let . Parity demands that %R 4 and Y0l s must equal 2 or 4.

(5~

Case 1: %R = 4 and %Rs = 4. There are \2 ways to place 2 —1's in B4, so
there are 3 ways.

Case 2: /olR4 = 2 and %Rs = 4. There are 3 ways to place the —1in RA, 2 ways to place
the remaining —1 in Rp (just don't put it under the —1 on top of it!), and 2 ways for one of the
other two players to draw the green ball. (We know it's green because Bernardo drew the red
one.) We can just double to cover the case of %R =4 %Rp = 2for a total of 24 ways.

Case 3: 70R4 = %R = 2. There are three ways to place the —1in Ra. Now, there are two
cases as to what happens next.

Sub-case 3.1: The 1in B85 goes directly under the —1 in £24. There's obviously 1 way for that
to happen. Then, there are 2 ways to permute the two pairs of 1,—1in Rc and Bp. (Either
the 1 comes first in flc or the 1 comes first in 2p.)

Sub-case 3.2: The 1in £ doesn't go directly under the —1 in Ra. There are 2 ways to place
the 1, and 2 ways to do the same permutation as in Sub-case 3.1. Hence, there

are 3(2+2-2) =13 ways for this case.

There's a grand total of 45 ways for this to happen, along with 12° total cases. The probability
45 5

we're asking for is thus (12?) 192
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Solution 2 (Less Casework)

We will proceed by taking cases based on how many people are taking part in this
"transaction." We can have 2, 3, or 4 people all giving/receiving coins during the 4 turns.
Basically, (like the previous solution), we are thinking this as filling out a 4x2 matrix of letters,
where a letter on the left column represents this person gave, and a letter on the right column
means this person recieved. We need to make sure that for each person that gave a certain
amount, they received in total from other people that same amount, or in other words there are
an equal number of A's, B's, C's, and D's on both columns of the matrix.

Case 1: 2 people. In this case, we can 4C2 ways to choose the two people, and 6 ways to get
order them to get a count of 6 * 6 = 36 ways.

Case 2: 3 people. In this case, we have 4*(3C2)*4! = 288 ways to order 3 people.
Case 3: 4 people. In this case, we have 3*3*4! = 216 ways to order 4 people.

So we have a total of 36+288+126=540 ways to order the four pairs of people. Now we divide
this by the total number of ways - (4*3)*4 ( 4 times, 4 ways to choose giver, 3 to choose
receiver). So the answer is 5/192.

~ccx09 (NOTE: Due to the poor quality of this solution, please PM me and | will explain the
numbers, | have some diagrams but | can't show it here)

Problem 23

The graph of ¥ = f(fB) where f(T)is a polynomial of degree 3, contains

points A(2, 4), B(3, 9), and C(4,16) Lines AB, AC, and BClintersect the graph again at
points D, E, and F', respectively, and the sum of the z-coordinates of D, E, and F'is 24.
What is .f (0)7

@ -2 ®o ©@2 ©= @ (® s
Solution

2
First, we can define fx)=a(z - 2)(x-3)(x—4) += , which contains points A, B,
and C. Now we find that lines AB, AC, and BCare defined by the
equations Y = Sz — 6, y = 6x — 8, and ¥ = 7o — 12 respectively. Since we want to find
the x-coordinates of the intersections of these lines and f(x) we set each of them to f(x)

and synthetically divide by the solutions we already know exist (eg. if we were looking at
line AB, we would synthetically divide by the solutions & = 2 and = = 3, because we
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already know AB intersects the graph at A and B, which have z-coordinates of 2 and 3).

After completing this process on all three lines, we get that the x-coordinates of D, F,
da—1 3a—1 2a — 1

andg’ are3 a , a ,and a respectively. Adding these together, we

a —

get a = which gives us “= b Substituting this back into the original equation,
g {@ = 5@ Do~ — 4+

0= 52 +0=| D)7

Problem 24

Quadrilateral ABC'D has right angles at B and C, AABC ~ ABCD,and AB > BC.
There is a point E' in the interior of ABC Dsuch that AABC ~ ACEB and the area

of AAE D is 17 times the area of AC E B. What is %?
(A)14+V2 ®B)2+vV2 (©V1IT D)2+V5 (E)1+2V3
Solution 1

Let CD =1, BC = z, and AB = z*. Note that AB/BC =z By the Pythagorean

Theorem, BD = vz2 + 1. Since ABCD ~ AABC ~ ACEB, the ratios of side

2

T 7
lengths must be equal. Since BC = z, “b= vz? + 1 and BE= VZ2+1 LetFbea
point on BC such that EF is an altitude of triangle C'E B. Note

BF— " _ T
that ACEB ~ ACFE ~ ANEFB. Therefore, x2 + land z2+ 1.

Since C'F' and BF' form altitudes of triangles C ED and BE A, respectively, the areas of
these triangles can be calculated. Additionally, the area of triangle BFEC' can be calculated,
as it is a right triangle. Solving for each of these

yieIds:[BEC] = [CED| = [BEA| = (2°)/(2(=* 4+ 1))

[ABCD] = [AED] + [DEC] + [CEB] + [BEA]
(AB+CD)(BC)/2 =17+|CEB|+|[CEB] + [CEB]+ [CEB]
(z® 4+ z)/2 = (202*)/(2(x® + 1))(x)(z® + 1) = 202 /(z® + 1)(z® + 1)* = 202
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2t — 1822 4+1=0 = 22 =9+4V5=4+2(2V5) + STherefore, the answer

(D) 2+ V5

Solution 2

Draw line F'G through E, with F' on BC and G on AD, FG || AB oG

i 14z
let CD =1, CB = z, AB = z°. By weighted average T

Meanwhile, FE : EG = [ACBE) : [AADE] = 1:17

2 14+ 24 18z2

FE=-——7p = 4 2
1+ 2% Weobtain 1+ 2> 1422 namelyz® — 18z + 1 =0,

The rest is the same as Solution 1.

Solution 3

1
A= (—1,4a),B = (-1,0),C = (1,0),D = (1, —)
Let @ /. Then from the similar triangles
4 2
CE=—2 __ BE=_—_°-__
condition, we compute V4a? + 1and vida? + 1 Hence, the ¥-coordinate
BE-CFE _ 4a
of Eisjust BC  4a2?+ 1. Since E lies on the unit circle, we can compute
1 — 4a?
the zcoordinate as 4a? + 1. By Shoelace, we
—1 4a 1
1 P fi 1 4a
_det 4a2+1 4@21_'_1 1 :17'5'2‘4a}2+1
want 1 a 1 Factoring out denominators and

expanding by minors, this is equivalent

23/25
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32a* — 8a® + 2 68
g 16a*—T2a>+1 =0
to 2a(4a® + 1) 4a* + 1 This factors

V&

o
as (4(12 — 8a — 1)(4@2 +8a—1) = 0, e @ = 2 and so the answer is (D).

Problem25

A set of n people participate in an online video basketball tournament. Each person may be a
member of any number of 5-player teams, but no two teams may have exactly the

same 5 members. The site statistics show a curious fact: The average, over all subsets of
size 9 of the set of n participants, of the number of complete teams whose members are
among those 9 people is equal to the reciprocal of the average, over all subsets of size 8 of
the set of n participants, of the number of complete teams whose members are among

those 8people. How many values n, 9<n< 2017, can be the number of participants?

(A) 477  (B) 482  (C) 487 (D) 557 (E) 562

Solution

Solution by Pieater314159

Let there be T teams. For each team, there are - different subsets of 9 players
including that full team, so the total number of team-(group of 9) pairs is

Tﬁgﬂ.

Thus, the expected value of the number of full teams in a random set of 9 players is

n—>
("))
(5)
Similarly, the expected value of the number of full teams in a random set of 8 players is

n—>
T("y)
—
(8)
The condition is thus equivalent to the existence of a positive integer T" such that

() T(T)

4 3

G G
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P e S

T = ((n)(n — 1)(n — 2)(n — 3)(n — 4))2%

T* = ((n)(n = 1)(n — 2)(n = 3)(n — 4))2%
T2 = (()(n — 1)(n — D0~ 3)(n — 4)’

(n)(n —1)(n = 2)(n = 3)(n — 4)
A 2.32.5.7

(n)
Note that this is always less than z , so as long as T is integral, n is a possibility. Thus, we
have that this is equivalent to

2°.3%-5-7|(n)(n —1)(n — 2)(n — 3)(n — 4).

It is obvious that 5 divides the RHS, and that 7 does iff 7t = 0,1,2,3,4 mod 7,
Also, 32 divides it iff  Z 9,8 mod 9 One can also bash out that 2° divides it in 16 out of
the 32 possible residues mod 32.

Using all numbers from 2 to 2017, inclusive, it is clear that each possible

residue mod 7,9, 32 js reached an equal number of times, so the total number of
working n in that range is 5 - 7 - 16 = 560. However, we must subtract the number of

(D) 557

"working" 2<n< 8, which is 3. Thus, the answer is
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2018 AMC 12A Problems

Problem 1

A large urn contains 100 balls, of which 36% are red and the rest are blue. How many of the blue balls must be removed so that the percentage of red balls in the
urn will be 7297 (No red balls are to be removed.)

(A)28 (B)32 (C)36 (D)50 (E)64

Problem 2

While exploring a cave, Carl comes across a collection of 5-pound rocks worth $14 each, 4-pound rocks worth $11 each, and 1-pound rocks worth $2 each. There
are at least 20 of each size. He can carry at most 18 pounds. What is the maximum value, in dollars, of the rocks he can carry out of the cave?

(A)48 (B)49 (C)50 (D)51  (E)52

Problem 3

How many ways can a student schedule 3 mathematics courses -- algebra, geometry, and number theory -- in a 6-period day if no two mathematics courses can be
taken in consecutive periods? (What courses the student takes during the other 3 periods is of no concern here.)

(A)3 (B)6 (C)12 (D)18 (E)24

Problem 4

Alice, Bob, and Charlie were on a hike and were wondering how far away the nearest town was. When Alice said, "We are at least 6 miles away," Bob replied, "We are
at most 5 miles away.” Charlie then remarked, "Actually the nearest town is at most 4 miles away.” It turned out that none of the three statements were true. Let @ be
the distance in miles to the nearest town. Which of the following intervals is the set of all possible values of d?

(A) (0,4)  (B) (4,5) (C) (4,6) (D) (56) (E)(500)

Problem 5

What is the sum of all possible values of k for which the polynomials E2 — 3z + 2and GL’Z — 5 + K have a root in common?
(A)3 (B)4 (C)5 (D)6 (E) 10

Problem 6

For positive integers 772 and 71 such that 712 + 10 < 1 + 1, both the mean and the median of the set {m, m+4,m+10,n+1,n + 2, 271.} are equal
to 72. What is 110 + 11?7

(A)20 (B)21 (C)22 (D)23 (E)24

Problem 7
n
For how many (not necessarily positive) integer values of 72 is the value of 4000 - (%) an integer?

(4)3 B4 (©6 M8 (®I

Problem 8

All of the triangles in the diagram below are similar to iscoceles triangle ABC in which AB = AC: Each of the 7 smallest triangles has area 1, and AABC'
has area 40. What is the area of trapezoid E?

A

WAVAVAVAN

B C

(A)16 (B)18 (C)20 (D)22 (E)24



Problem 9

Which of the following describes the largest subset of values of ¥ within the closed interval [0, 7r] for which
sin(z + y) < sin(z) + sin(y)

for every & between 0and T, inclusive?

(Wy=0 @osy<t (©0sysl os<ysT ®o<ys<n

Problem 10
How many ordered pairs of real numbers (l‘, y) satisfy the following system of equations?
r+3y=3
[l = lul| = 1

a1 ®z2 (©3 D4 (E)8

Problem 11

A paper triangle with sides of lengths 3,4, and 5 inches, as shown, is folded so that point A falls on point B. What is the length in inches of the crease?

B

A

Wi+Vi ®VE ©F oY ®:2

Problem 12

Let S be a set of 6 integers taken from {l, 2,..., 12} with the property that if @ and b are elements of S with @ < b, then b is not a multiple of @. What is the
least possible value of an element in .57

(A)2 (B)3 (C)4 (D)5 (B)T7

Problem 13
How many nonnegative integers can be written in the form
a7-3"+as-3%+as-3°+as-3* +a3-3*+a,-3*+a, - 3" +a0-3°,
wherea; € {—1,0,1}for0 < i < 72
(A) 512 (B) 729 (C) 1094 (D) 3281 (E) 59,048

Problem 14

The solutions to the equation logh 4= logh 8, where T is a positive real number other than %or %, can be written as fwhere P and q are relatively prime
positive integers. What is p + q?

(A)5 (B)13 (C)17 (D)3l (E)35

Problem 15

A scanning code consists of a7 X 7 grid of squares, with some of its squares colored black and the rest colored white. There must be at least one square of each
color in this grid of 4 squares. A scanning code is called symmetricif its look does not change when the entire square is rotated by a multiple of‘boo
counterclockwise around its center, nor when it is reflected across a line joining opposite corners or a line joining midpoints of opposite sides. What is the total
number of possible symmetric scanning codes?

(A) 510 (B) 1022 (C) 8190 (D) 8192 (E) 65,534
Problem 16
Which of the following describes the set of values of @ for which the curves z? + y2 = a’and Y= o — @in the real TY-plane intersect at exactly 3 points?

(A)a:% (B)%<a<% (C)a>i (D)a:% (E)a>%



Problem 17

Farmer Pythagoras has a field in the shape of a right triangle. The right triangle's legs have lengths 3 and 4 units. In the corner where those sides meet at a right
angle, he leaves a small unplanted square .S so that from the air it looks like the right angle symbol. The rest of the field is planted. The shortest distance from .S to
the hypotenuse is 2 units. What fraction of the field is planted?

25 26 73 145 74
(A) 7 (B) 77 (©) 7= (D) 7 (E) =

Problem 18

Triangle ABC with AB = 50and AC' = 10has area 120. Let D be the midpoint of AB, and let F be the midpoint of AC The angle bisector of
/BAC intersects DE and BC at F' and G, respectively. What is the area of quadrilateral /"D BG?

(A)60 (B)65 (C)70 (D)75 (E)S&0

Problem 19

Let A be the set of positive integers that have no prime factors other than 2, 3, or 5. The infinite sum

1+1+1+1+1+1+1+1+1+1+1+1+1+1+
1 2 3 4 5 6 8 9 10 12 15 16 18 20

m
of the reciprocals of the elements of Acanbe expressed as —, where 770 and 70 are relatively prime positive integers. What is 112 4 12?
n

(A)16  (B)17 (C)19 (D)23 (E)36

Problem 20

Triangle ABC'is an isosceles right triangle with AB = AC' = 3. Let M be the midpoint of hypotenuse BC'. Points I and E lie on sides AC' and AB,

a b
respectively, so that Al > AF and AI M F is a cyclic quadrilateral. Given that triangle J M I has area 2, the length C'I can be written as ————, where @,
c
b, and c are positive integers and bis not divisible by the square of any prime. What is the value of @ + b+
(A)9 (B)10 (C)11 (D)12 (E)13

Problem 21

Which of the follnwinglglm\ynomials has the greatest real root?

(A) 2 + 2018z +1  (B) 27 +20182" +1  (C) 2" +20182™ +1 (D) 2742018z +1  (E) 2019z + 2018

Problem 22

The solutions to the equations 22 =4 + 4v/15iand 22=2 + 2\/§i, where ¢ = v/ —1,form the vertices of a parallelogram in the complex plane. The area
of this parallelogram can be written in the form ’pﬁ - Tﬁ, where P, ¢, T, and S are positive integers and neither ¢ nor Sis divisible by the square of any prime
number. Whatis p + ¢ + 7 + s7

(A)20 (B)21 (C)22 (D)23 (E)24

Problem 23

n APAT,ZP = 36°, ZA = 56°,and PA = 10.points U and G lie on sides TP and T'A, respectively, so that PU = AG = 1.Let M and N be
the midpoints of segments P A and U G, respectively. What is the degree measure of the acute angle formed by lines M N and PA?

(A)76 (B)77 (C)78 (D)79 (E)80

Problem 24

Alice, Bob, and Caral play a game in which each of them chooses a real number between 0 and 1. The winner of the game is the one whose number is between the
numbers chosen by the other two players. Alice announces that she will choose her number uni;ormlyzat random from all the numbers between 0 and 1, and Bob
announces that he will choose his number uniformly at random from all the numbers between 2 and 3. Armed with this information, what number should Carol
choose to maximize her chance of winning?

1 13 7 5 2
(A) 2 (B) 2 (C) 2 (D) 3 (E) 3



Problem 25
For a positive integer 72 and nonzero digits @, b, and ¢, let A,, be the N-digit integer each of whose digits is equal to ; let 3, be the n-digit inte%’er each of whose

digits is equal to b, and let ', be the Zn-digit (not T1-digit) igteger each of whose digits is equal to €. What is the greatest possible value of @ + 0 + ¢ for which
there are at least two values of 7 such that C;,, — Bn = A

(A)12 (B)14 (C)16 (D)18  (E)20

2018 AMC 12A Answer Key
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