
/��0êÆc�����m

ë��Y

2018c8�

� W�K£��K�8�K, z�K8©, �64©¤

1. 3²¡���IX¥§�P±(0, 1)��%§�»�1§®��Ô�y = ax2��PkØ(0, 0)�	�

�:§K¢êa �����´ .

�Yµ
�

1

2
,+∞

�
. £�% øK¤

)Ûµd 8<
:y = ax2

x2 + (y − 1)2 = 1

�a > 0, x2 + (ax2 − 1)2 = 1, x2(a2x2 − 2a+ 1) = 0k�")§=0 < x2 =
2a− 1

a2
, a >

1

2
.

2. �A´ü �þ�½:§P,Q��þ�Ä:§�AP+AQ = 2
√

3§K∆APQ¡È����� .

�Yµ
3
√

3

4
. £��u øK¤

)Ûµ�∠APQ = α, ∠AQP = β,∴ AQ = 2 sinα, AP = 2 sinβ ⇒ sinα+ sinβ =
√

3§

SAPQ =
1

2
AP ·AQ sin(α+ β) = 2 sinα sinβ sin(α+ β)

= [cos(α− β)− cos(α+ β)] sin(α+ β) ≤ (1− cos(α+ β)) sin(α+ β)

=
È

(1− cos(α+ β))3(1 + cos(α+ β))

=
1√
3

È
(1− cos(α+ β))(1− cos(α+ β))(1− cos(α+ β))(3 + 3 cos(α+ β))

≤ 1√
3

Ê�
3− 3 cos(α+ β) + 3 + 3 cos(α+ β)

4

�4

=
3
√

3

4

(1− cos(α+ β)) = 3 + 3 cos(α+ β)§=cos(α+ β) = −1

2
�α = β =

π

3
������.

3. e¢êx, y÷vx− 3
√
x− 1 = 3

√
y − y + 2§Kx+ y����� .

�Yµ12 + 3
√

15. £�% øK¤

)ÛµPu =
√
x, v =

√
y§K3(u+ v) = u2 + v2− 3§Pa = x+ y = u2 + v2§K

8<
:
u+ v =

a− 3

3

u2 + v2 = a
1©§�

uv =
1

2
[(u+ v)2 − (u2 + v2)]− 1

2

�
a2

9
− 5a

3
+ 1

�
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1©k�K¢ê)(u, v) = (
√
x,
√
y)⇔'ut����g�§

t2 − a− 3

3
t+

1

2

�
a2

9
− 5a

3
+ 1

�
=

1

18
[18t2 − 6(a− 3)t+ a2 − 15a+ 9] = 0

kü��K¢�⇔

8<
:

∆ =
1

182
[36(a− 3)2 − 72(a2 − 15a+ 9)] ≥ 0

1

18
(a2 − 15a+ 9) ≥ 0

⇔

8<
:−a

2 + 24a− 9 ≥ 0

a2 − 15a+ 9 ≥ 0
§

qa ≥ 0§)�

8>><
>>:

12− 3
√

15 ≤ a ≤ 12 + 3
√

15

a ≤ 15− 3
√

21

2
½a ≥ 15 + 3

√
21

2

a ≥ 0

, amax = 12 + 3
√

15§d¿©7�^��ù���

����.

4. ®�f(x) = sinx, g(x) = sin(x + β)§�|β| ≤ π§��|f(x0) − g(x0)| > 1

2
§Òkf(x0) = g(x0)§

Kβ�����´ .

�Yµ− arccos
7

8
≤ β ≤ arccos

7

8
. £4p¸ øK¤

)ÛµdK¿�§é?¿¢êx§þk|f(x)− g(x)| ≤ 1

2
§u´

| sin(x+ β)− sinx| ≤ 1

2
⇒ | sinβ cosx+ cosβ sinx− sinx| ≤ 1

2

⇒ | sinβ cosx+ (cosβ − 1) sinx| ≤ 1

2

⇒ |
È

sin2 β + (cosβ − 1)2 sin(x+ ϕ)| ≤ 1

2

⇒ |
È

sin2 β + (cosβ − 1)2| ≤ 1

2

⇒ cosβ ≥ 7

8

¤±§− arccos
7

8
≤ β ≤ arccos

7

8
.

5. ®���ê�{an}¥§a1 6= 0§a4a25 = 2a27§��3��êm,n¦�am+2an = a25§K
�

2

m
+

1

n

�
�

���� .

�Yµ
21

55
. £4p¸ øK¤

)Ûµ�{an}ú��d§da4a25 = 2a27§�

(a1 + 3d)(a1 + 24d) = 2(a1 + 6d)2

)�a1 = 3d§dam + 2an = a25§��m+ 2n = 21.

21 ·
�

2

m
+

1

n

�
=

�
2

m
+

1

n

�
(m+ 2n) = 4 +

4n

m
+
m

n

�f(x) = 4x+
1

x
(x > 0)§df ′(x) = 4− 1

x2
§�f(x)3

�
0,

1

2

�
þüN4~§3

�
1

2
,+∞

�
þüN4O.

N´��§�

8<
:m = 9

n = 6
½

8<
:m = 11

n = 5
�§4 +

4n

m
+
m

n
�����¶

ÏLO�'�§�

8<
:m = 11

n = 5
�§4 +

4n

m
+
m

n
�����§Ïd§

�
2

m
+

1

n

�
�����

21

55
.
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6. 3���>/�º:¥?�n�§���n�/§Tn�/�b�n�/�VÇ� .

�Yµ
2

11
. £où øK¤

)ÛµXã§·�r:?Ò�1, 2, 3, · · ·§¿5½ei ≡ j (mod 12)§Ki, jL«

Ó��:.

�i < j < k < i+ 12§·�5�än�/(i, j, k)�/G.

��=�k = i+6�§n�/���n�/§d�jk5«��§��k12×5 =

60���n�/¶

�k = i+m(m = 2, 3, 4, 5)�§n�/�ð�n�/§j���©Ok1, 2, 3, 4«

�U§¤±n�/o�ê�

12× (1 + 2 + 3 + 4) = 120£�¤

312�:¥?�n�:§�¤�ØÓn�/�k

C3
12 =

12 · 11 · 10

1 · 2 · 3
= 220£�¤

¤±b�n�/��ê�

220− 60− 120 = 40£�¤

u´¤¦VÇ�
40

220
=

2

11
.

7. o¡N�4���¥£3o¡N�	Ü§=�o¡N���¡��§�Ù§n�¡¤3²¡��¤

��»©O�8, 9, 10, 12§KTo¡N�S�¥�»� .

�Yµ
720

151
. £�% øK¤

)Ûµ�o¡NA1A2A3A4�S�¥¥%�O§�»�r§�Ø¹º:Ai�¡�����¥¥%�Oi§�

»�ri§SiL«o¡NØ¹Ai �¡¡È§i = 1, 2, 3, 4, S = S1 +S2 +S3 +S4§o¡NNÈV =
4P

i=1

1

3
Sir§

=

1

r
=

1

3V

4X
i=1

Si =
1

3V
S

q

V = VO1−A1A2A3
+ VO1−A1A2A4

+ VO1−A1A3A4
− VO1−A2A3A4

=
1

3
S4r1 +

1

3
S3r1 +

1

3
S2r1 −

1

3
S1r1 =

1

3
(S − 2S1)r1

K
1

r1
=

1

3V
(S − 2S1)§Ón

1

ri
=

1

3V
(S − 2Si), i = 2, 3, 4.

1

r1
+

1

r2
+

1

r3
+

1

r4
=

1

3V
(4S − 2S1 − 2S2 − 2S3 − 2S4) =

1

3V
· 2S =

2

r

r =
2

4P
i=1

1
ri

=
2

1
8 + 1

9 + 1
10 + 1

12

=
720

151

8. �x, y ∈ R§é?¿n ∈ N+, nx+
1

n
y ≥ 1§K(2a2 + a)x+ 2y����� £Ù¥a´�

����ê�~ê§(J�^aL«¤.

�Yµ
4a2 + 3a

2a+ 1
. £o� øK¤

)Ûµò��nx+
1

n
y = 1���(n+1)x+

1

n+ 1
y = 1¡�ü^����§́ �ü���:�An

�
1

2n+ 1
,
n2 + n

2n+ 1

�
§
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eò��x+ y = 1���y = 0��:P�A0(1, 0)§K:8{An}, n ∈ N�gë�¤�ò�¤�¤�

«�TÐ´¯K��1�.�Iy²?¿��mx +
1

m
y = 1(m > n,m ∈ N)§:An

�
1

2n+ 1
,
n2 + n

2n+ 1

�

þ3Ùþ�§ò:An

�
1

2n+ 1
,
n2 + n

2n+ 1

�
�\��mx+

1

m
y = 1 k

m · 1

2n+ 1
+

1

m
· n

2 + n

2n+ 1
=
m2 + n2 + n

m(2n+ 1)

Ï�

m2 + n2 + n−m(2n+ 1) = (m− n)(m− n− 1) ≥ 0

¤±m · 1

2n+ 1
+

1

m
· n

2 + n

2n+ 1
≥ 1§�y.�K-(2a2 + a)x+ 2y = z§K

y = −2a2 + a

2
x+

1

2
z

q−2a2 + a

2
∈ [−(a+ 1)2,−a2]§���y = −2a2 + a

2
x+

1

2
zL:A0

�
1

2a+ 1
,
a(a+ 1)

2a+ 1

�
�§

z = (2a2 + a)x+ 2y =
4a2 + 3a

2a+ 1

� )�K£��K�3�K, ÷©56©. )�A�Ñ©i`², y²L§½ü�Ú½¤

9. £�K÷©16©¤éuý�C :
x2

a2
+
y2

b2
= 1(a > b > 0)§c�ý���å§e�ý�l%Ç§L�

:����ý�C�uA,B ü:£A,BØ´ý�C�º:¤§:D3ý�Cþ§�AD⊥AB§��BD�x
¶!y¶©O�uM,N ü:§¦4OMN¡È����. £é�Ö øK¤
)Ûµ�A(x1, y1), D(x2, y2)§KB(−x1,−y1)§Ï�

x21
a2

+
y21
b2

= 1 1©

x22
a2

+
y22
b2

= 1 2©

2©− 1©�
x22 − x21
a2

+
y22 − y21
b2

= 0

=

y22 − y21
x22 − x21

= − b
2

a2

=

kAD · kBD =
y2 + y1
x2 + x1

· y2 − y1
x2 − x1

= − b
2

a2

qAB⊥AD§¤±kAD · kAB = −1§lkBD =
b2

a2
kAB .�M(x0, 0)§K

kBD = kBM =
y1

x0 + x1
, kAB = kOA =

y1
x1

¤±
y1

x0 + x1
=
b2y1
a2x1

§w,y1 6= 0§u´x0 =
c2

b2
x1.

Ï�M

�
c2

b2
x1, 0

�
, kBD = kBM =

b2

a2
kAB =

b2

a2
· y1
x1
§¤±��BM ��§�

y =
b2

a2
· y1
x1

�
x− c2

b2
x1

�
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-x = 0§�yN = − c
2

a2
y1.

Ï�
x21
a2

+
y21
b2

= 1§¤±1 ≥ 2
|x1y1|
ab
§��=�|x1| =

√
2

2
a, |y1| =

√
2

2
b���Ò§¤±4OMN�¡

ÈS =
1

2
|x0| · |yN | =

1

2
· c4

a2b2
|x1y1| ≤

c4

4ab
§=4OMN ¡È����´

c4

4ab
.

10. £�K÷©20©¤¼êf : R+ → RØ´O¼ê§�é?¿�¢êx, y, zþk

f

�
3xyz

xy + yz + zx

�
=
f(x) + f(y) + f(z)

3

y²µf���¥�½�¹Ã¡õ�ØÓ��ê. £�% øK¤

y²µé?¿�¢êa, t, -x =
1

t
, y =

1

t+ a
, z =

1

t+ 2a
, t, a ∈ R+§K

3xyz

xy + yz + zx
=

3
1
x + 1

y + 1
z

=
1

t+ a

�f
�

1

t+ a

�
=
f
�
1
t

�
+ f

�
1

t+a

�
+ f

�
1

t+2a

�
3

§=

f

�
1

t+ a

�
− f

�
1

t

�
= f

�
1

t+ 2a

�
− f

�
1

t+ a

�
, t, a > 0 (?)

df�O¼ê�,�30 < x1 < x2§¦�f(x1) > f(x2).

-d = f(x1)− f(x2) > 0, r =
1

x2
> 0, a =

1

x1
− 1

x2
> 0.

d(?)�, é?¿��ên

d = f

�
1

r + a

�
− f

�
1

r

�
= f

�
1

r + 2a

�
− f

�
1

r + a

�
= · · · = f

�
1

r + na

�
− f

�
1

r + (n− 1)a

�

�é?¿��ên

f

�
1

r + na

�
= f

�
1

r

�
+

nX
k=1

�
f

�
1

r + ka

�
− f

�
1

r + (k − 1)a

��
= f

�
1

r

�
+ nd

�n¿©�

 
n > −

f
�
1
r

�
d

!
�§þª��§ùÒ�Ñ
f���¥kÃ¡õ�ØÓ�ê.

11.£�K÷©20©¤¦���λ§¦�é?¿a, b, c, x, y, z > 0Ñk
by + cz

a(y + z)
+
cz + ax

b(z + x)
+
ax+ by

c(x+ y)
≥ λ.

£ëR øK¤

)Ûµλ�����2§��¡�b = c = 1§��

1

a
+
z + ax

z + x
+
ax+ y

x+ y
≥ λ

3þª�x→ 0§��
1

a
+ 2 ≥ λ

2-a→∞§��λ ≤ 2¶

,��¡§Ø��a = max{a, b, c}§K

cz + ax

b(z + x)
≥ c

b
,

ax+ by

c(x+ y)
≥ b

c

Ïd·�k
by + cz

a(y + z)
+
cz + ax

b(z + x)
+
ax+ by

c(x+ y)
≥ c

b
+
b

c
≥ 2
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